HI EVERYONE,

THE REAL LEARNING IN MATHEMATICS HAPPENS WHEN YOU ACTIVELY ENGAGE WITH A PROBLEM,
EXPLORE DIFFERENT METHODS, AND WORK THROUGH CHALLENGES. THEREFORE, WE STRONGLY
ENCOURAGE YOU TO USE THIS SOLUTION KEY RESPONSIBLY.

PLEASE ATTEMPT ALL THE PROBLEMS ON YOUR OWN FIRST, GIVING THEM YOUR BEST AND MOST
HONEST EFFORT. THESE SOLUTIONS ARE TO HELP YOU GET UNSTUCK ON A PROBLEM AFTER YOU
HAVE ALREADY TRIED YOUR BEST.

YOUR EFFORT AND DEDICATION ARE THE TRUE KEYS TO SUCCESS.

Solutions to JEE CT-02

Date of Exam: 29 June
Syllabus: Sets & Trigonometric Ratios & Identities (till Two IMP Identities)

[ Topic: Sets & Trigonometry )

Sub: Mathematics CT-02 Prof. Chetan Sir

SECTION-A

51. Let A and B be two sets in the same universal set. Then, A — B =
(A) AnB (B) AuB (C)AnB (D) A'nB

Solution:

The operation A — B represents the set of elements that are in A but not in B. An element = belongs
to A— B if and only if z € A and x ¢ B. The condition x ¢ B is equivalent to € B’, where B’ is the
complement of B. Therefore, an element is in A — B if it is in A and in B’. This is the definition of the
intersection of A and B’.

A—B=ANnB

The correct option is (C).

52. If tan A + cot A = 4, then tan? A + cot? A is equal to
(A) 110 (B) 191 (C) 80 (D) 194

Solution:
Given tan A 4 cot A = 4. Squaring both sides:

(tan A + cot A)* = 42
tan® A + 2tan A cot A + cot> A = 16
tan® A+ 2(1) + cot? A =16  [Since tan Acot A = 1]
tan? A + cot®* A = 14.

Now, squaring the new equation:

(tan® A + cot? A)? = 142
tan® A + 2tan® Acot? A + cot* A = 196
tan® A+ 2(1) + cot* A = 196 [Since tan? Acot? A = 1]
tan* A + cot* A =196 — 2 = 194.



The correct option is (D).

53. The number of subsets of a set containing n elements is:
(A)n (B) 2" —1 (C) n? (D) 2"

Solution:

Let A be a set with n elements. A subset is formed by choosing some (or none, or all) of the elements
from A. For each of the n elements, we have two choices: either include it in the subset or not. Since
there are n elements, and for each element there are 2 independent choices, the total number of possible
subsets is the product of these choices.

Total subsets =2 x 2 X --+ X 2 (n times) = 2™.

The correct option is (D).

cot 54° tan 20° =
54. The value of oage T ootoe 1S

(A) 2 (B) 3 (€)1 (D) 0

Solution:

We use the complementary angle identities:

tan(90° — #) = cot § and cot(90° — ) = tan6.

For the first term we convert the denominator tan 36° = tan(90° — 54°) = cot 54°.
For the second term, we convert the denominator: cot 70° = cot(90° — 20°) = tan 20°.
Now substitute these back into the expression:

cot b4° . tan 20°
cot b4° = tan 20°

=1+1
=2

The correct option is (A).

55. The symmetric difference of A = {1,2,3} and B = {3,4,5} is
(A) {1,2} (B) {1,2,4,5} (C) {4,5} (D) {1,2,3,4,5}

Solution:

The symmetric difference of two sets A and B, denoted AAB, is the set of elements which are in either
of the sets, but not in their intersection. The formula is AAB = (A— B)U (B — A).

First, find A — B (elements in A but not in B): A — B = {1,2,3} — {3,4,5} = {1,2}.

Next, find B — A (elements in B but not in A): B— A = {3,4,5} — {1,2,3} = {4,5}.

Finally, find the union of these two sets:
AAB ={1,2} U{4,5} ={1,2,4,5}.

The correct option is (B).

56. If tanf — cot = a and sin 6 + cos @ = b, then (b* — 1)?(a* + 4) is equal to
(A) 2 (B) -4 (C) £4 (D) 4
Solution:
Given sin @ + cos @ = b. Squaring both sides gives:
(sin @ + cos)* = b
sin? @ + cos? @ + 2sin 6 cos § = b*
1+ 2sinfcosf =b*> = 2sinfcosh = b* — 1.



. in2 0— 2
Now consider a = tan# — cot § = S0 _ cos0 _ sin-0-cos”f

: cosf sin @ sinfcosf °
Let’s evaluate a” + 4:

sin 6 cos 0
(sin? @ — cos?® 0)% + 4 sin?  cos? O
h (sinf cos 0)?
_ sin® @ — 2sin* 0 cos? 6 + cos” 0 4 4sin” 0 cos® 0
B (sin 6 cos 0)?
(sin® 6 + cos? 0)? 1
(sinf cos 6)? - (sinf cos)?

29 2 2
a2+4:<sm 6 — cos 0) L4

Now, let’s find the required expression:

1
2 1 2/ 2 4) = (2si 2, -
(b ) (a” +4) = (2sinf cos 6) i 0 cos )’
1
= 4sin? 0. ———— =4.
sin” 0 cos™ 6 sin?  cos? 0
The correct option is (D).
57. For any two sets A and B, (A—-B)U(B—A) =
(A) (A—B)UA (B) (B-—A)UB (C) (AUB)—(AnB) (D) (AuB)N(ANB)

Solution:
The expression (A— B)U (B — A) is the definition of the symmetric difference, AAB. This set contains
all elements that are in A or in B, but not in both. Let’s analyze the options:

(A) (A— B)UA= A. Not correct.
(B) (B— A)U B = B. Not correct.

(C) (AU B) — (AN B) means all elements in the union of A and B, except for the elements that are
common to both. This perfectly matches the definition of AAB.

(D) (AUB)N (AN B)= AnN B. Not correct.
Therefore, (A-—B)U(B—-A)=(AUB)—-(ANB,).
The correct option is (C).

58. cosb® + cos10° + cos 15° + - - - + cos h40° =
(A) O (B) 1 (C) -1 (D) 2

Solution:
We can group the terms in the series and use trigonometric identities.

« Group 1: From cos5° to cos 175°. Using cos(180° — z) = — cosx, pairs like (cos5° + cos 175°) sum
to 0. With cos90° = 0, this group sums to 0.

e Group 2: The term cos 180° = —1.

o Group 3: From cos 185° to cos 355°. Using cos(180° + z) = — cosx and cos(360° — x) = cos z, pairs
like (cos 185° + cos 355°) sum to 0. This group sums to 0.

e Group 4: The term cos 360° = 1.



o Group 5: From cos 365° to cos 535°. Due to periodicity, this is equivalent to Group 1 and sums to 0.
e Group 6: The term cos 540° = cos(360° 4 180°) = cos 180° = —1.

The total sum is the sum of the values from each group:
Total Sum =0+ (-1)+0+14+0+ (1) = —1.

The correct option is (C).

59. Let U be the universal set containing 700 elements. If A, B are sub-sets of U such
that n(A) = 200,n(B) = 300 and n(A N B) = 100. Then, n(A'NB’) =

(A) 400 (B) 600 (C) 300 (D) None of these

Solution:

We need to find n(A’N B’). By De Morgan’s Law, AN B’ = (AU B)’. So we need to find n((AU B)’).
The number of elements in the complement of a set is the total number of elements in the universal set
minus the number of elements in the set itself.

n((AUB)) =n(U) —n(AUB)
First, we find n(A U B) using the Principle of Inclusion-Exclusion:

n(AUB) =n(A)+n(B) —n(ANB)
= 200 + 300 — 100 = 400.

Now, substitute this value back:
n((AU B)") = 700 — 400 = 300.

The correct option is (C).

60. The value of tan 20° + tan 40° + /3 tan 20° tan 40° is

(A) & (B) V3 (©) - (D) —v3
Solution:

We start with the tangent addition formula for tan(60°):

tan(60°) = tan(20° + 40°)
tan 20° + tan 40°
V3= 1 — tan 20° tan 40°

Now, cross-multiply and rearrange the equation:

V3(1 — tan 20° tan 40°) = tan 20° 4 tan 40°
V3 — V/3tan 20° tan 40° = tan 20° + tan 40°
V3 = tan 20° + tan 40° + v/3 tan 20° tan 40°.

The value of the given expression is therefore v/3.
The correct option is (B).

61. For two sets AUDB = A iff
(A) BC A (B)ACB (C)A#+B (D) A=1B



Solution:

The union of two sets, AU B, contains all elements that are in A, or in B, or in both. We are given that
AU B = A. This equality means that the union of A and B results in the set A itself, introducing no
new elements. This can only happen if all elements of set B are already contained within set A. This
is the definition of B being a subset of A. Therefore, AU B = A if and only if B C A.

The correct option is (A).

62. If sin(a+ ) = 2 and cos(a— ) = 13, where o+ 3 and a—  are acute angles, then tan 23 =

(A) 33 (B) % (©) % (D) &

33 16 33 63

Solution:
We can express 25 = (a+ ) — (a — ().

Since a + [ is acute and sin(a + B) 2 it’s a 3-4-5 right triangle, so tan(a + ) =
13, it’s a 5-12-13 right triangle, so tan(a — ﬁ) =23
Now substitute these into the formula for tan(24):

Since a — 3 is acute and cos(a — ) =

tan(a + ) — tan(a — )

tan(23) =
an(2) 1 + tan(a + B) tan(a — )
3 _ 5
_ 112
L+ (D(3)
9-5 4
_ 12 _ _12
T1+E T B
1810
3763 63

The correct option is (D).

63. Suppose Ay, ..., A3y are thirty sets each with 5 elements and B, ..., B, are n sets each
with 3 elements. Let ?21 A; = 1B = S. If each element of S belongs to exactly 10 of
the A;’s and exactly 9 of the B;’s, then n is equal to

(A) 15 (B) 3 (C) 45 (D) 35

Solution:
Let’s find the size of the union set S. The sum of the sizes of all A4; sets is 3°°, n(A;) = 30 x 5 = 150.
Since each element of S is in exactly 10 of the A;’s, this sum is also equal to 10 x n(S5).

10-n(S) = 150 = n(S) = 15.

Now we do the same for the B; sets. The sum of their sizes is }-7_; n(B;) = n x 3 = 3n. Since each
element of S is in exactly 9 of the B;’s, this sum is equal to 9 x n(S).

9-n(S)=3n
Substitute the value n(S) = 15:
9x15=3n
135 =3n
135
= — =45.
"3

The correct option is (C).



64. If T <a<mmr<f< %ﬁ;sinoz = % and tan g = 15—2 then the value of sin(f — «) is

(A) —17/221 (B) —21/221 (C) 21/221 (D) 171/221

Solution:
We need sin(f — a) = sin 3 cos a — cos 3 sin a.
For av in Quadrant II, sine is positive, cosine is negative.

15 15)2 8

17, we find cosa = —/1 — (33)* =

Given sina = = —1

For £ in Quadrant III, tangent is positive, sine and cosine are negative.

Given tan f = %, we have a 5-12-13 triangle, so sin § = —% and cos § = —15—3.

Now substitute these into the formula:

o =) = (-55) (=) = (-35) (57)

_ 9% (_75>
9221 221

96+75 171
221 221

The correct option is (D).

65. Two finite sets have m and n elements. The number of subsets of the first set is 240
more than that of the second. The values of m and n are respectively.

(A) 4,7 (B) 7, 4 (C) 8, 4 (D) 7,7

Solution:
The number of subsets of a set with k elements is 2. Let the sets have m and n elements. We are
given:

2M =2" 4240 — 2™ — 2" = 240

Factor out the smaller power, 2™: 2"(2"~" — 1) = 240. We write 240 as a product of a power of 2 and
an odd number: 240 = 16 x 15 = 2! x 15. By comparing 2"(2™~" — 1) with 2* x 15, we can equate the
even and odd parts:

. 2”:24 = n=4.
« 2N _1=15 = 2™ " =16=2% So, m —n = 4.

Substituting n = 4 into the second result gives m — 4 = 4, which means m = 8. The values are m=8
and n=4.
The correct option is (C).



in2 & 1gin2 3T 1gin2 27 14in2 7T
sin ]6+sm 16+sm 16+Sln

1 16 Q-
66. The Value Of the expression cos? %—&—COSQ %—&—co@ ?—g—&—cos2 %—H:o@ gl—g+(:()s2 % 1S
2 1
(A)1 (B) 5 (©) 3 (D)2
Solution:

Let’s evaluate the numerator (N) and denominator (D) separately.

For the numerator, we use sin(j — z) = cos .

Notethat%:g—llﬁand%:g_?{%.
N = sin? i + sin? 31 + stQ(E — 31) + SmQ(f _ i)
16 16 2 16 2 16
— sin? — + sin? o + cos® il + cos? =
16 16 16 16
3 3

= (sin® 116 + cos? 17T—6) + (sin® % + cos? %) =1+1=2

For the denominator, we use cos(m — ) = —cosz = cos*(m — x) = cos’ z and cos(5 — x) = sinz.

3 ) 5 3
D = cos® % + cos? 1—7; + cos® % + cos*(m — %) + cos®(m — %) + cos? (T — 112)

T 3 5%
—9 2 2 2 )
= <cos —12 —+ cos —12 + cos —12
=2 <COS2 112 + cos? % + sin? 17;) [Since cos —:’; = sin {5

2 <((3082 % 4 sin? %) + cos? Z)

e

1
=2(14+-)=3.
(1+3)

The value of the expression is % = % The correct option is (B).

67. Which of the following are disjoint sets?

A) A=1{1,3,5,7,9}, B = {z : z is odd number upto 9}

C

(A)

(B) A=1{2,4,6,8}, B=1{1,3,5,2}

(C) A={2,3}, B={z:2°> - 52+ 6 =0}
(D)

D) A={3,59,10}, B = {1,2,11,12}

Solution:
Two sets are disjoint if their intersection is the empty set (AN B = 0).

(A) B=1{1,3,5,7,9}. Here A= B, so AN B = A # (). Not disjoint.
(B) An B = {2}. Not disjoint.

(C) Solving z* — 5z + 6 = 0 gives (v — 2)(x — 3) =0, so B = {2,3}. Here A= B, so AN B # (. Not
disjoint.

(D) A and B have no common elements. AN B = (). These sets are disjoint.
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The correct option is (D).

68. If mtan(§ — 30°) = ntan(f + 120°) then 2+ =

(A) 2cos 20 (B) cos 26 (C) 2sin 26 (D) sin 26

Solution:

- : tan(6+120°
From the given equation, we have ™ = an(94-120°)

“an(0-30°) ° Using Componendo and Dividendo:

m+n _ tan(f + 120°) + tan(f — 30°)
m—n  tan(f + 120°) — tan(f — 30°)

Convert to sines and cosines:

sin(6+120°) + sin(6—30°)
m-+n cos(6+120°) cos(60—30°)
(
(

m—n sin(f+120°)  sin(6—30°)
cos(0+120°) cos(0—30°)

_ sin(f + 120°) cos(f) — 30°) 4 cos(# + 120°) sin(6 — 30°)

 sin(6 4 120°) cos(# — 30°) — cos(f + 120°) sin(6 — 30°)

= s%n((G +120°) + (6 — 30°)) [Using sin(A + B) formulas]
sin( (6 + 120°) — (6 — 30°))

sin(20 +90°)  cos(26)
p— pr— p— 2 2 .
sin(150°) 1/2 cos 26

The correct option is (A).

69. 20 teachers of a school either teach mathematics or physics. 12 of them teach math-
ematics while 4 teach both the subjects. Then the number of teachers teaching physics
only is

(A) 12 (B) 8 (C) 16 (D) 4

Solution:

Let M be the set of teachers who teach Mathematics and P for Physics. Given: n(M U P) = 20,
n(M) = 12, and n(M N P) = 4. We need to find n(P — M). First, find the total number of physics
teachers, n(P).

n(MUP)=n(M)+n(P)—n(MnP)
20 =12+ n(P) — 4
n(P) =20 — 8 = 12.

The number of teachers teaching Physics only is:
n(P—M)=n(P)—n(PNM)=12—-4=38.

The correct option is (B).

70. If sin* @ + cos* § = a, then the value of sin®f + cos® 0 in terms of a is:

(A) 2 (B)a® -} (C) 2ot (D) S5

3 2

Solution:
We are given sin? 6+cos* @ = a. We can write this as (sin? +cos? #)2—2sin? § cos® § = a, which simplifies



l1—a

5 Now we evaluate sin® 6 + cos® 6:

to 1 — 2sin? 0 cos? @ = a. From this, we find sin® 6 cos? § =

sin® @ + cos® @ = (sin? §)® + (cos® 6)?
sin® @ + cos® #)(sin* § — sin?  cos® § + cos” 0)
1) - [(sin* 6 + cos* §) — sin® # cos? )]

a — sin® 6 cos® 0

- (5

=
= (

20— (1-a)
B 2
~3a-—1
-

The correct option is (D).

SECTION-B

71. If A, B, C are sets, such that n(A) = 2,n(B) = 3,n(C) = 4. If P(X) denotes power set

. ___n(P(P(0))) :
of X and k = W (PB(A) i (P(B))? then k is

Solution:

The number of elements in the power set of a set X with m elements is n(P(X)) = 2™. We have
n(P(A)) = 22 =4, n(P(B)) = 2* =8, and n(P(C)) = 2* = 16. Next, we find the size of the power set
of the power set. n(P(P(A))) = 2"PA) = 2 = 16. n(P(P(C))) = 2"P©) = 216, Now we calculate k:

L n(P(P(O))
n(P(P(A)))-n(P(B))
_ 216 _ 216
16-8  24.23
216 16—7 9
=__ =916-7T=-99 =512,
27

The answer is 512.

72. In a class of 175 students, the data shows: Mathematics 100; Physics 70; Chemistry
40; Math & Physics 30; Math & Chemistry 28; Physics & Chemistry 23; Math, Physics
& Chemistry 18. How many students have offered Mathematics alone?

Solution:

Let M, P, C be the sets of students taking Mathematics, Physics, and Chemistry. We want to find the
number of students in M only. This can be found by taking the total number of Math students and
subtracting those who also take other subjects.

o Number of students in Math and Physics only: n(M N P) —n(MNPNC)=30—-18 =12.
o Number of students in Math and Chemistry only: n(M NC)—n(MNPNC) =28 —18 = 10.

o Number of students in all three: n(M NP NC) = 18.



The number of students in Mathematics alone is the total in Mathematics minus all the intersection
groups involving Mathematics:

n(M only) = n(M) — [n(M N P only) + n(M N C only) + n(M N PNC)]
— 100 — (12 + 10 + 18)
= 100 — 40 = 60.

The answer is 60.

73. Let A and B be two sets such that n(A) = 16,n(B) = 14,n(A U B) = 25. Then, n(AN B)
is equal to

Solution:
We use the Principle of Inclusion-Exclusion for two sets: n(AUB) = n(A)+n(B)—n(ANDB). Substitute
the given values into the formula and solve for n(A N B):

25 =16 + 14 — n(AN B)
25 = 30 — n(AN B)
n(ANB) =30—25=5.

The answer is 5.

74. The value of 124" cosC-sin6=sin66" | Q(gin 163° cos 347° + sin 73° sin 167°) is

sin 21° cos 39° —cos 51° sin 69°

Solution:
Let’s evaluate the fraction and the second term separately.

Numerator = sin 24° cos 6° — sin 6° sin 66°
= sin 24° cos 6° — sin 6° cos 24°
= sin(24° — 6°) = sin(18°).

Denominator = sin 21° cos 39° — cos 51° sin 69°
sin 21° cos 39° — sin 39° cos 21°
sin(21° — 39°)

= —sin(18°).

sin(18°) __ 1.

The value of the fraction is —ein(18°) —

Second Term = 8(sin 163° cos 347° + sin 73° sin 167°).
[We simplify the angles:]
= 8(sin(180 — 17) cos(360 — 13) + cos(90 — 17) sin(180 — 13))
= 8(sin 17° cos 13° + cos 17° sin 13°).
[This simplifies using the sin(A + B) formula]
= 8sin(17° + 13°)

1
= 85in(30°) = 8(3) = 4.
Total value = (Fraction part) + (Second part) = —1 4+ 4 = 3. The answer is 3.
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75. Let a and 8 be two angles such that o + § = % and o — 8 = 5. Find the value of
4(cos® o — sin? ).

Solution:
We use the identity cos? A — sin? B = cos(A + B) cos(A — B).

Let A=« and B = §.
The expression becomes 4 cos(a + 6) cos(a — ).

We are given the values a + 3 = 75 and a — = .

Substitute these values into the expression:

T T
=4 —
Required = 4 cos (12> coS ( 1 2)

= 4 cos (75°) cos (15°)

(5 2)

=15
=1

Method-2
The expression 4 cos(a + ) cos(aw — (). is of the form

= 4cos(a + B) cos(a — )

= cos () eos ()

= 2-[2cos A cos B] = 2[cos(A + B) + cos(A — B)]
=2 zeos (33 cos (53]

=2feos (5 + §5) +oos (55~ 73]
<o (%) em ()

-sfen(p) (3]

I 1
=2 —| =1.
o]

The answer is 1.
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