Basic Mathematics: Section 5

Factorization
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Algebraic ldentities

Yaad Rakho
. (a+ b)? = a° + 2ab + b?
. (a— b)?=a*—2ab+ b

a’ + b* = (a—b)* +2ab
a° + b*> = (a+ b)* — 2ab

. a®—b*=(a—b)(a+b)

. (a+ b)? = (a— b)? +\4ab
(a — b)? = (a+ b)* —4ab




Yaad Rakho
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6. (a+ b)* = &+ 3a’b + 3ab” + b2 +o = (ath) —34

1A b = (a4 b — 3ab(asb) ¥ HA 1D = (ath)’~ 30b (2 +b)
> 2

e +b% a+b° = (0+b>((aib_> _ Bab)

8. — 3: 3 2 2 43
(a—b)3 = a® —3a%b +3ab? — b ) (q db{—b)

—Sap

o a _b3—(a_b)3+3ab (a — b)

2 L b = (a - b)(&° 1(ab)+ b?)

<G+(~b) oty 30t 3alh) s (of L 574r24{b
P Gb) = @'~ 3db +3ab™- b =(a-h) (aab) + %Mb]

- }S = (G~b)3 + 31%/0 _3ab>

E%?’J (4-h) QQ Mb]‘bj



Yaad Rakho
10. (a+ b+ c)? = a° + b%> + c? + 2ab + 2bc + 2ca

11. /8> + B>+ 3 —3abc = (a+ b+ c)(a*? + b2 + ¢? — ab — bc — ca)

a3+b3+c3—3abC=%(3+b+C) ((a—b)* +(b—c)* + (c—a)]

%\ ;&i GL—{- b’\—[-(L.-l_ de+ ,QQ(+Z,L3C) Q 60
‘ <%g) - Orfblﬂlﬂﬁk &ubJr?auQad’ Jr?bcqblbdl% C



Question 1

(A) 15

a-b) = (@+h)"~ 4ab



Question 2
If x>+ y3 =7 and xy(x + y) = —2, find the value of x* + y~.

(A) 1 (B) 3

= (a+bh)'— 3ab(ath)
riy'= ()= 3ay(0ty)
= O 2 ()
(ag'=

(€} 5

(D) 9



Question 3

Given that x* + y* =82, xy =3 and x, y > 0, find the values of x and v.

(A) 11,2} (B) 11,3} (C) 12,3} (D) 13,4}




Question.4

If x4+ y =3 and xy = 2, then the value of x> — y? is:

(A) 6 (B) 7

Q(,V)L: (¥ 1—7)2'—-4 2!7
- @-4)

(r-y) = |

Y—yzij




Question.b

It x — % — 5. find the value of x3 — =
(A) 110 (B) 125




Question.6

Let p, g be real numbers satisfying p> — g° = 4 and 2pg = 3. Then, the value of
(p? +g?)? is equal to:

(A) 1




Question.7 JEE Main 2021

f a+b+c=1 ab-+ bc+ ca=2 and abc = 3, then the value of a* + b* + c% is:
(B) 1 113 (D) 23

;
(O_\ibJr g) - a+ bl+(l+ol (ab rhc+ac

() = b+ R (3




Question.8 JEE Main 2022

Let p and g be two real numbers such that p + g = 3 and p* + g* = 369. Then the
—2
value of (l + l) iS:

P ' q




Question.9

If x,y,z are real numbers such that x? + y? +2z%> —4x +2z —2yz +5 =0, find the
value of x — y — z.

(A) O (B) 2 (C) 4 (D) 5

2
0%+, +0,=0
2 2 2
Aty 1R2 -2 -XY 2 +(GFO




Point to Remember

Property: If x,y € R and x? + y* = 0, then it implies that x =0 and y = 0.

Generalization: If a1,a,...,a3, € R and g7 L a2 - .-~ L g~ — (1. {then
g L 9 1 2 n
ag=ay=---=ap=0.

Example: To solve (x —1)* + (y — 2)? = 0:
» Since (x —1)? > 0 and (y — 2)? > 0, their sum can only be zero if both terms are

ZEero.
» x—1=0 = x=1landy —2=0 = y=2

The square of any real number is always non-negative.

2> >0 foranyacR




Question.1

If x> + y? +4z° —6x —2y —4z+ 11 =0, where x, y, z € R, then the value of xyz is:

Xt 14z -2y 42 rll=o f2-42

7 S @%)L- 2(22)(1)



Question.2

If |x2 — 1] + (x — 1)? +v/x2 — 3x + 2 = 0, then the value of x is:
(D) None of these




Question.3 Ans:(A)

If a, b,c € R, then find the minimum value of the expression:

E — a2+ 9b° + 25¢° + 23+ 6b — 10c¢ + 20

(A) 17 (B) 20 (C) 10 (D) 0

= aerg_q ¥ (51__1)_)1+_Q_=P3Jr<6<)7—_£é FR0
S (3P0 2 (S¢)C1) N
= ()= BEFT () (sc- 1) (1) HRo

F= (at1)t(2p+)+ (Sco1) R0~ |- l
Emiq :«\7 wWhen (Oﬂ)lzo oS0 (R\QH)Z:U and (§¢-1)= 9
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Brain Teaser Question

Find the number of integral solutions for the equation:

Yol

(A) 2 (B) 3 (C) 4



Brain Teaser Solution: Method 1

Goal: Find all integral solutions of| xy = 2x — y.J

1. Rearrange the equation: 4. Find integer factor pairs of -2:
1 Since x and vy are integers, (x + 1) and

| (y — 2) must be integer factors of -2.
2. Add an%dftsubté?'a%% The possible pairs are:

2x H2)—xy —y =2 ) (1,-2),(~1,2),(2,—1),(-2,1)

5. Solve for (x, y) for each pair:
2561 X+1)=2
(——" d x+1l=1y—-2=-2 = (0,0)

3. Isolate the factors:

x+1l=-1,y—-2=2 = (-2,4)
(x+1)(2—-y)=2 x+1=2,y—-2=-1 = (1,1)

(x4 1)(y —2) = _d x+1=-2,y—2=1 = (-3,3)

M. - \/

|

The four integral solutions are (0,0), (-2,4), (1,1), and (-3,3).




Brain Teaser Solution: Method 2

Goal: Find all integral solutions of xy = 2x — y.

1. Isolate y terms: 3. Find integer solutions:
WV Xy = 2x

- x Ll=1 — x=0 — y=10
y(l 4+ x) =2x e xtl—-1 — x— 2 —
y=4

2. Solve for y (assuming x # —1):

oo e x +t1l=2 — x=1 — y=1
y:X—|—1 > X l=-2 — x=-3 —
y =3

2(x+1) — 2
x + 1
2

y)=2
x + 1
The four integrai solutisaszare (0,0), (-2,4), (1,1), and (-3,3).

4. Check the excluded case: If
=

y:




