Basic Mathematics: Section 7

Modulus Function
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Modulus Function (Absolute Value Function)

it x>0
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—x, iftx<O0

» Domain: The set of all real numbers, |x € R.

» Range: The set of all non-negative real numbers| [0, co).
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Modulus of any Expression




Practice: Defining Modulus Functions

Write the piecewise definition for each of the following modulus functions and find
their critical points.

1. |x —2
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Example 3

Define the function: |x% — 3x + 2|
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Example 4

Define the function: |x3 — x




Example 5

Define the function: [2* — 2|
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2 se Jyada Mod ki Kahani

Example 1

Define the function: y = |x + 2| + |x — 5|
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Example 2

Define the function: y = |x + 7| — |x — 2]



Example 3

Define the function: y = |x — 2| + |x% — 5x + 6]
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Example 4

Define the function: y = |x — 1| + |[x — 2| 4+ |x — 3]
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Graphs of Modulus Function




Basic of Straight Line
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Example 1

Draw the graph of the function:




Example 2

Draw the graph of the function:
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Example 3

Draw the graph of the function:

y = [2x — 6|




Example 4

Draw the graph of the function:







Example 5

Draw the graph of the function:

Yy X =1+ x =2[+[x =3
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Example 6

Draw the graph of the function:




Example 7

Draw the graph of the function:

y=|x+1]—1[2x — 1| + |x — 5]




Example 8

Find the number of solutions for the equation:

x+ 1] —|2x — 1| + [x — 5| = A=4
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Also find value offor which given equation have exactly one solution?— )\ ¢ (—-3,3)
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Concept: Finding the Number of Solutions

To find the number of solutions for an equation of the form:

(/j g(X)]

We can use a graphical approach.
grap pp r(;f(l/\ Cﬂ’vkp}\

Draw the graph of y = f(x) and tg graph ofy g(x) on the same coordinate plane.

The total number of points where the two graphs_intersect will be the number of
solutions to the equation.




Example Ans:3

Find the number of solutions for theequation:

X+ 1> [x[+[2x = 1| =27
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Properties of Modulus Function

x| >0 (Modulus is always non-negative)

x| =0 =% x =]

x|=a, fora>0 =— x=+a

x| =a, fora<0) = x€@ (No solution)




Properties of Modulus Function

V4
.

9. |x|=|—x]

10. |x —.a| =l|a—Xx]
¥11. \x —|—y\ 2 \x\ + |y| (Triangle Inequality)
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Example 1

Solve the equation:




Example 2

Solve the equation:




Example 3

Solve the equation:




Example 4

Solve the equation:




Example 5

Solve the equation:




Example 6

Solve the equation:

|Ix =3 =3[ = 3] =3




Example 7

Solve the equation:




Example 8




Example 9

Solve the equation:




Example 10

Solve the equation:
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Example 11

Solve the equation:

x> —Bx + 6| =5x — x* — 6




Example 12

Solve the equation:




Example 13

Solve the equation:

2x + 1| + 3x = 11




Example 14

If x* — |x — 3| — 3 =0, then find the possible values of |x|.
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Modulus Inequalit

If a is a positive constant: If a is a positive constant:

P (x| < a &< —a<x<a » (X| >a < x>ao0or x< —a
> x| < g <— —a< x<3g » (x| > a << x>aorx< —3

If a is a negative constant: If 2 is a negative constant:
» |x| < a = No solution (x € () » |x| > a =— All real numbers (x € R)

If a is zero: If a is zero:

<0 = x€ > |x| >0 — xR —{0}
>




Type-1 Examples (|x| < a) Type-l1 Examples (|x| > a)

1. x| <5 1. x| >3




Type-1 Examples (|x| < a) Type-11 Examples (|x| > a)
_9 45
4. |53 <0 4. |23 >0




Type-1 Examples (|x| < a) Type-11 Examples (|x| > a)
6. [x—3| <5 . (X2 =3
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Type-1 Examples (|x| < a) Type-ll Examples (|x| > a) V1
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Example 1

Solve the inequality:




Example 2

Solve the inequality:




Example 3

Solve the inequality:




Example 4

Solve the inequality:




Example 5 (JEE 2002)

The set of all real numbers x for which i’ U/
Y € (-00) "/2) U (JZI\X’)
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Example 6

Solve the inequality:

x — 1+ |x —2 >4
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Type: |a| > |b| = |a|* > |b]* = a*— b* >0

Example 7

Solve the inequality:

x — 1| < |x* —2x + 1]




Example 8 (JEE Main 2022) Ans:(B)

let A={x € R:|x+1| <2} and B={x € R:|x—1| > 2}. Then which one of the
following statements is NOT true?

(A)A—B=(~1,1 (BYB—A=R—(-3,1)
(C) AN B = (-3, 1]
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Example 9 (JEE Main 2020) Ans:(B)

fA={x e R:|x| <2} and B={x € R:|x—2| > 3}, then:

(A) AN B = (-2, 1) (BYB—A=R—(-2,5)
(C) AUB =R — (2,5) (D) A— B=[-1,2)




Example 10 (JEE Main 2022) Ans:3

Let S = {x € [-6,3] = {-2,2} : P2 > 0} and T = {x € Z): x* — 7|x| + 9 < 0}.
Then the number of elements in S ﬂ T IS:
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Example 11 (JEE Main 2023) Ans:(D)

The number of real roots of the equation x|x| — 5/x +2| +6 =0 is:

(A) 5 (B) 4 D) 3
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Example 12 (JEE Adv. 2021) Ans:4

For x € R, the number of real roots of the equation 3x* — 4|x* — 1| +x — 1 =0 is:




Example 13 (JEE Main 2024) Ans:3

The number of real solutions of the equation x|x + 5|+ 2|x + 7| —2 =0 is:




Example 14 (JEE Main 2024) Ans:2

The number of distinct real roots of the equation |x + 1||x + 3| — 4|x + 2| + 5 =0 is:
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Example 15 (JEE Main 2024) Ans:1

The number of real solutions of the equation x(x* + 3|x| 4 5|x — 1| +6|x —2|) = 0 is:

X < X+ 3| + S)n—// +6}w—x/): O
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Example 16 (JEE Main 2019) Ans:(C)

The nymber of real roots of the equation 5 + |2¥ — 1| = 2X(2* — 2) is:

(A) 2 (B) 3 (C) 1 (D) 4
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Example 17 (JEE Main 2021)

The number of real solutions of the equation, x* — x| — 12 = 0 is:

(A) 2 (B) 3 (€)1 (D) 4



Example 18 (JEE Main 2020) Ans:(B)

The product of the roots of the equation 9x% — 18|x| +5 = 0 is:

(B) 2 (C) 2 (D) 2



Example 19 (JEE Main 2021) Ans:2

The number of the real roots of the equation (x + 1)? + [x — 5| = 2L is

G +) = (1-5) = _g%




Example 20 (JEE Main 2020) Ans:(B)

Let S be the set of all real roots of the equation, 3*(3* — 1) +2 = |3¥ — 1| 4 |3¥ — 2|,
then S:

(A) contains exactly two elements. (B) is a singleton.
(C) is an empty set. (D) contains at least four elements.




Example 21 (JEE Main 2019) Ans:(A)

The sum of the solutions of the equation |\/x — 2| + /x(v/x —4)+2 =0, (x > 0) is
equal to:

(A) 10 (C) 12 (D) 4




Example 22 (JEE Main 2023) Ans:(B)

The sum of all the roots of the equation [x* — 8x + 15| — 2x +7 = 0 is:

(A) 9 — /3 (B) 9+ /3 (C) 11 — /3 (D) 11 + /3
| A= pxt18| —2n +7=0 ConeT A= Pi+15< O
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Example 23 (JEE Main 2025) Ans:(C)

The sum of the squares of all the roots of the equation x% 4 [2x — 3| — 4 =0, is:

(A) 3(3 - Vv2) (B) 6(3 — v2) (C) 6(2—v2) (D) 3(2 - v2)
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Example 24 (JEE Main 2025) Ans:(B)

The sum of the squares of the roots of |[x — 2]% 4 [x — 2| — 2 = 0 and the squares of
the roots of x? —2|x — 3| —5 =0, is:

(D) 24
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