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¥, Trigonometric Ratios and Identities (Compound Angle)

2. Trigonometric Equation

3. Solution of Triangle
A

. Inverse Trigonometric Function (ITF) (12th Class)
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Definition of T-Ratios _ : e/’YW))

In the right-angled triangle,

The trigonometric ratios are defined as:
Opposite SideV”

» sinf =
Hypotenuse

Adjacent Side\/

» cosf =
Iypotenuse\/

Opposites side /
Adjacent Side /

» tanf =




Example: Finding Trigonometric Ratios

Example 1 Example 2




Example: Finding Trigonometric Ratios

Example 3 Example 4




Basic ldentities: Set-1

Basic ldentities




Basic ldentities: Set-2

Basic ldentities




Expressing T-ratios in terms of each other

Table of Interrelations
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Find the value of (0° < A < 90°)

tan? A - sin® A

tan2 A — sin® A
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Prove that:

1—|—sinoz>( 1 + sec« )
- — ]| =tana«
1 + cos «

1 + cosec o




Prove that:

1 — cos@
|+ cos 0 — cosec  — cotf
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Prove that:

(sec 8 + cosec 0)(sin @ + cosf) — sech - cosec =2
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If 2sinf = 2 — cos 6, then find the value(s) of isin 6.
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If sinf + sin® 0 = 1, then prove that:

cos'? 0 +3cost®0 +3cos®0 +coshd —1=0
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If sinx + sin®x = 1, where x € (0, 3), then the expression:

(cos™® x + tan™® x) 4 3(cos'® x + tan'® x + cos® x + tan® x) + (cos® x + tan® x)

Is equal to:

(A) 3 (B) 4 (C) 2 (D) 1 3
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If 3sec* § + 8 = 10sec? @, then find the positive value(s) of{tan §.

3secto+9 = o 5e’®
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If 3sin% x + 2 cos* x = = then find the value of(tan? x.

Zsin"w + 2 ((d)”&)t—; ,é_
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If 15sin* o + 10 cos* o = 6. for some o € R, then the value of 27 sec® o + 8 cosec® v is

equal to:
(A) 350 (B) 500 (C) 400 (D) 250
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If the following equation holds true:

4 4

sec® x — cosec? x — 2 sec?

X + 2cosec” x = n

then find the value of tan x.
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The expression 4(sin® 0 + cos® §) — 6(sin* @ + cos* 0) is equal to
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Prove that:

38

Sin® x — cos® x = (sin2

x — cos® x)(1 — 2sin® x cos® x)
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If T, =sin” x 4+ cos” x, prove that:
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1
Let fi(x) = ;(sinkx + cos® x) for k=1,2,3,.... Then for all x € R, the value of

fa(x) — fo(x) is equal to:
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Prove that:

(cosec A+ cot A — 1)(cosec A —cotA+ 1) =2cotA

(Cose( A)—— (Cdﬁl -/2
| [a —b]




Prove that:

(L—sinf +cosf)” _,
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If cosec —sinf = a> and sec8 — cos @ = b3, prove that:

a’b*(a* + b%) =1
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T
q* = _|-sin0 K= |—-wY
SING 050 =
3 _
a4 - 2@1& b = SIn°0
InQ -
v (e | o
<(f/) = (LD 0 [D_ -2 \/ -
S ~<¢Sm (Q) R .
q = Q@JZ@)V& “0 < 7
§[A( 1S




Prove that:

Sin X + COoS X

—tan3 x +tan® x + tanx -+ 1

cos> x
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T-Ratios of Standard Angles
S 50 050

Remember this Values Sino > (6o

45°

1

[2
1
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Angle Measurement: Degrees & Radians

Conversion Formulas N

degree X L — radian YA
& 180°




Examples:
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Angle Convention

» Anticlockwise rotation from the » Clockwise rotation from the positive

positive x-axis is considered positive x-axis is considered negative (-ve).

(4+ve).
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- New Definition of Trigonometric Ratios ol defrmin  Sine o (M0 //"“0‘%7.1
Let P(x,y) be any point on a circle of radius r centered at the origin, and let 6 be the

angle formed with the positive x-axis.

The ratios are defined as:
-coordinate
» sinf = 4

xS r

\3(/\&/ ¥ x-coordinate
Y » cosf =

r

-coordinate
» tanf = 4

x-coordinate

P(fue -uof Where r = VX% + y?)

SR Y
Y= U+
v y;v_%[L

Limiting Cases:
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ASTC Rule: Signs of T-Ratios in Quadrants

The sign of a trigonometric ratio depends on the quadrant in which the angle 6
terminates.

ASTC

Quadrant |
— Al g All Ratios

§ fudents (+ve)

j TQ{(( » X
— (FHee

Quadrant I Quadrant IV
Tan & Cot Cos & Sec
(+ve) (+ve)




ASCT: Different Perspective

1. sin & cosec

2. tan & cot

3. cos & sec




Trigonometric Function of Allied Angle
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(90° = 0) — 7°" fuod.

> sin(90° —0) =

% \_/An?l 0

> cos(90° —0) = +
_/

» tan(90° — 0) =

» cot(90° —60) = -+

» sec(90° —0) =

» cosec(90° — ) =

(900 —|—6) E— V‘d U(}Cp-

> sin(90° +0) =
7

cos(90° 4 0) =

%ﬂ

» tan(90° 4 0) =

> cot(90° + 0) =

» sec(90° + 0) =

» cosec(90° + 0)

—
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(180° — 0) — 1™ Quad (180° + 0) — T pued. ©

> sin(180° — @) = + > sin(180° +0) = —
\/R"q@“‘f& \/ﬂlmQuu(ﬂ

> cos(180° —0) = — > cos(180° +60) = —

tan(180° — 0) = - tan(180° + ¢) = +

cot(180° — 6) = cot(180° +0) = +
sec(180° — 0) = — sec(180° +0) = —

cosec(180° — #) =+ cosec(180° + 0) = —




A
V -
(270° —0) — [ "uuf)- (270° + 6) — 49 od - P\

> sin(270° —0) = — > sin(270° +60) = -
\/@M QWJ’I \/TV”\ (Q\wu/

» cos(270° — 0) = > cos(270° +0) =

> tan(270° —0) = + > tan(270° +0) = —
cot(270° —0) = T > cot(270° 4+ 0) = —
sec(270° — ) = - > sec(270° +0) = +

cosec(270° — 0) = — » cosec(270° +0) = —




(360° — 0) — WM Quud

> sin(360° —0) = —

> cos(360o 0) =

> tan(360° — 0) = —
cot(360° — 0) = —
sec(360° — @) =

cosec(360° — 0) = —

(360° +0) — 7 ued

> sin(360° +0) = +
T fu
» cos(360° + 0) =

> tan(360° +6) = +

» cot(360° + 0) =

> sec(360°+6)= T

> cosec(360° + 0) = +
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Note: T-Ratio Values at Quadrantal Angles (0°, 90°, 180°, 270°)

4) cotd
¢

SNGz 0 m X-axis
(= 0 =) oM Y‘dXLS

Tang= 0= M X-axis
(=0 = On Y—ax('\g




Example: 1
sin(150°) =

Q- |
frach N Y N\




Example: 2

tan(120°) =
M4 fun|2o: hr\(l)’oa-—ég? ML g fun [20°= fun (f}é’@_g‘)
©
= — un (0 = — (430
= — - -3
\,’Uo S . B/ \1&’ //
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0=6¢ \ - 3o=b




Example: 3

cos(225°) =

cor(22s) = @w(1pot4s)) = — (@45

.y
Iz




Example: 4

tan(300°) =

Jun 360" = fun (R70+38) = — Cof 30

- - J3




Example: 5

sin(120°) =




Example: 6
tan(150°) =

R70



Example: 7

cos(240°) =

'\60 > X




Example: 8

sec(135°) =
. P Sec (135°) = Sec(176- 4§°)
35
= —5eC45
45 = —Ja
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Example: 9

cos(570°) =

C05(§7o°) - (05(54}004—20°) — —(os3¢

LD s 360
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Example: 10
tan(690°) =




Example: 11

cosec(750°) =

COJQ( (7 %‘) = (nec (7{o°+ 30°) - T (05C(§0°




Example: 12

sin(1020°) =
. 5 . 0 v '
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Trigonometric Ratios Table (0 to 27)

45° 60°  90° | 120° 135° 150° | 180° | 210° 225° 240° | 270°
3
sind | 0| 3 [H| 21| 2| &K | 3 o | -3 |-% |- 1 Pl -3 0
cos 6 1 @ % % ’ 0 —% —% —\/75 -1 —@ —\% (} % \/lﬁ @ 1
tanf | 0 | o= | 1 | V3| ND| V3| -1 | —— # 0 7 1 ND | —v3| -1 | -—= | 0
cscd |ND| 2 | V2 % 1 % V2 2 h ND | -2 | -2 —%ﬁ -1 % —v/2 | -2 | ND
secd | 1 [ Z| V2| 2(ND| 2 | —v2|-Z| 1 |-Z|-V2 ND w 2 | V2 | & | 1
ot0 |ND|VE| 1| lo)-% 1 —vi| o3| 1 0 |J-%| 1 |-v3| o
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in(~6) =

P sin :
tan(—0)

>

cot(—6) =
>

0) =
cosec(—
>




Example: 13

sin(—150°) =

sin(- (?0): —[S'AI '°]

:— Sin ([£o- SGﬂ

- — JrSIﬂ%c»

2/



Example: 14

cos(—225°%) =

cos(-225)= (05325
= cos ([po+95)




Example: 15

tan(—330°) =

fun (-33¢') = — fen(330)
= - J—an 3 60- ?“)]

- - [ _ Jum]
= undae

= L
R




Example: 16

sec(—420°) =

Se( (-92¢") = 5ec(42°°>
= (3(ou+§_<}t> = +Se 6o
= Z{//
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o
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Example: 17

cot(—960°) =

ot (9¢0) = - o060
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Example: 18
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Example: 19

tan(12) =

fn (1) 0 (17T
= fun <3n—r-6>
= —fun L

I
—
b
—
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=31
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Example: 20

sin(137) =
' || T\ = | IIIT—-E_)
Sln(_3_> 5'/1( 3
= -1
SN <4Tr T)
= —SInTC
R
= — |3
Y/



Example: 21

tan(===) =

3

fun (—iﬂ__') - — fun (4_7_7_)

- _ tun 3Tr+ﬂ‘)
) 3
i “47‘”(77{9 T D o
- J _
_ 0=
= _( 1__#‘“3} J
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Example: 22

Sin(28—’”) =

3

SIn (ZJ’YT) - S'm(a?ﬂl_—#@
3 3
- Sm(gn‘jt__r_r*)
3
- "5) NN 3-”6 —\T!&T" ﬁ_\> Q ,RIT, [T
3 0=, —/
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Even multiples of 7
0,27, 4m, ...
General Form: 2nm

> X

<
Odd multiples of 7
mw,3m, 5w, ...
General Form: (2n+ 1)7
— 5 Remaindex attec

d l'vl-di)f\g LDJ <}

g

ete X-axis: nm

ete Y-axis: (2n + 1)5 or nm + g "?OJJ MWH-{P\Q ﬁ‘ I)i




Example: 23

cos(1l6m — ) =

Cos (16T-0) = + (o0




Example: 24

sin(2LE — 0) =




Example: 25

i 2L — () =

2

v
ﬁﬂ( ST ) + Cutr© 65{5“6
|6
: 1 )65
la - 64
\ = Rem ]
V/




Example: 26
tan(f — 1217) =

21 [R2TT




Example: 27

cos(f — 20267) =

(6 ((9-— JOZGW) - COS(—- (QUQGTF—@))

— COJ(:QOS_Q—’-Q /

v\) Even mu(ﬁlﬂe U‘F‘T

= 1Co50 \%
0T




Questions on Allied Angles

Question: 1

sin®5° -+ sin® 10° 4+ sin® 15° + - - - 4 sin% 90°

(\)N\Plemcr\mg df\él% "(() SUKOVH\ me /’O\L.L'\:fl

- L 0 L 6 . Lo .oV L2 v . g
SIn 5 + 310 ff)+ sin [0 ¢ S\ﬂ! 7o )1 (Sm 157+ 31N 1§)+- -
( | (o?i_sf£ ( Cay |0 ) (Uj\lfl’}i'o
.1, 0 t e O s S.l7_°b
T (Sm 416 + Slﬂ‘fd) T QSM f)ﬂ—&n ]
L

= (o;t%“ L . =
> [+ [+ 1t +|+%)*~Q) = 3

B e

Ml




Question: 2

tan1° - tan2° - tan 3°

(GM F\emcﬂh%} ar\glw kd éaq#\ ale mkA(/l

Qun[- Tun M) fun2’ 1@0&’4’) H?mg n@) (ﬁmq .114,1456‘) @né{f)

| |

le".mr’[") <ﬁ7‘m\ | ccR) (fun3” ks > - (ﬁn%w;v%b) < I.J)
‘{Un@.(_gt/g: l
tete = = |
| x :3;@_ x| = [\/




Question: 3 CCMM

COS> i + COS° 3—7T -+ cOS” 5_7r = cos? 7—7T
16 16 16 16

s
3 2 yu
(052 " 4 (6S (05 311 + (oS SIT Ri + ST = ¢ =T
( ( - ) T ( 6) S [ (S
(65T + Sing (03T Sin" (3T
< F’T @ T l¢ T ('6)




Question: 4

cot — - cot o7 cot o7 cot fm cot o
20 20 20 20 20




Question: 5

cos 10° + cos20° + cos 30° + - - - + cos 180°

S\lpplemef\fvy ar\a,% kU Saa%k me ml<lv/l

@uslooq— (oS |7oo> —'—QOS 2{4—(05560') .




Question: 6

=9\
A
. 1
) Jr;um\’\
=119
UES
=D
,?f:wL

sinl1° +sin2° +sin3°+ .- +sin360°

(S'mlu

f(ﬁm(?ﬁ')fsm%ﬂ) t singte
t (smlq. 510
+(§M/T 5/'4267)

w50 ) f (s1n92 1 sin200)

T(s'mzoJr 5'm35}7)
+ (5'\,\3%( S’\n}ﬂ“) +'(smnw§mlx\)
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Question: 7
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Question: 8 Evaluate the following expression:
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Question: 9 (HW) CC MM Ans:2

sin? K 1+ sin? il + sin? 7—7T 1+ sin? 4—7T
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Question: 11 (Triangle Method Question)

3
Iflsec & = v/2|and g < 0 < 27, find the value of the expression:

1 + tan @ + cosect
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1+ cotf — cosect




3 3
If lsin x = 5 where m < x < g then 80(tan” x — cos x) is equal to:

(A7 109 (B) 108 (C) 19 (D) 18
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True or False?

>

>

>

sinl > 0
sin2 >0
sin3 > 0
sin4d > 0
sin’ >0
cosl >0
cos2 >0
cos3 >0

tanb > 0




» If no unit (like the degree symbol °) is specified for an angle, it is assumed to be
measured in radians.

» 1 radian ~ 57.3°.

3w/2 =~ 4.71




Important Concept: Complementary Angles A +12-9," » 71
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Important Concept: Supplementary Angles Atp-ips | Tre

» cos A+ cos B =0

» tanA+tanB =0
SinA = 3"“( P0-8) = SInE Cosl<>+corl7‘—‘(-)0
N )= _ CoSP 5”(_}')"




Trigonometric Ratios & Identities: Section 3
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Formula Set-1: Compound Angle Formulas

1. sin(A+ B) =sin Acos B + cos Asin B

2. sin(A— B) =sinAcos B — cos Asin B

3. cos(A+ B) = cos Acos B —sin Asin B

4. cos(A — B) = cos Acos B + sin Asin B




Formula Set-1: Compound Angle Formulas (Continued)

tan A+ tan B
1l —tanAtan B

5. tan(A+ B) =

tan A — tan B
1+tanAtan B

6. tan(A — B) =

cotAcotB —1

. eolifd S = cot B + cot A

cotAcotB + 1
cot B — cot A

8. cot(A— B) =




Proof of tan(A + B) & cot(A + B)



Compound Angle Formula Proof:




Simplify

1. sin(45° 4 0) cos(15° + 6) — cos(45° + 6) sin(15° + 6)

2. cos(45° — A) cos(45° — B) — sin(45° — A)sin(45° — B)

3. sin99° cos 21° + cos 99° sin 21°

4. cosb0°cos10®° —sinb0°sin10°




Prove that: 1 Prove that: 2 (HOMEWORK)

A

A
tan A cot (E) — 1 =secA

1 4+ tan Atan (E) — sec A




Question: Find the value

1. sin15° 2. cos 15° 3. tan 15° 4.sin 75° 5.sin 75° 6. cos75°






1 1
If tan 15° + + 4+ tan 195° = 243, then the value of (a -+

tan 75  tan 105°
(A) 4

(C) 2




Question: 2

3 9 .
sin @ = = and cos 8 = ik where « and 3 are acute angles (in the first quadrant).

Find the values of:

1. sin(a — ()
2. cos(a— (3)




5 3
If cotaa =1 and sec 3 = —3 where m < a < g and g < B < m, then the value of

tan(a + 3) and the quadrant in which a + (3 lies, respectively are:

1
(A) —5 and V" quadrant

(B) 7 and I** quadrant

(C) —7 and IV quadrant

1
(D) 5 and I°* quadrant




Remark-1

Yaad Rakho!

1. tan(45O o 0) - M 1 —tanf

1 — tanh 2. tan(45 —0):

1+tand



Question: 4
It A4+ B = g,then prove that:

tanAtan B =1




Question: 5
If A+ B = % then prove that:

(1+tanA)(1 +tanB) =2




Question: 6 HOMEWORK
If A+ B = 45°, then prove that:

(cotA—1)(cotB—1) =2




Question: 7 [MHT-CET 2019] HOMEWORK
It A— B = % then the value of (1 4 tan A)(1 — tan B)?




Question: 8
Prove that:

tan b6 - tan 360 - tan 20 = tan 50 — tan 360 — tan 260




Question: 9

Find the value of the following expression:

tan 125° + tan 100° 4 tan 100° tan 125°




Question: 10 HOMEWORK
Prove that:

tan 80° = tan 10° + 2tan 70°




Question: 11

1 1
If tan 6 = 5 and tan ¢ = =, find the value of tan(26 + ¢).

3



4 h T

If cos(a + B) = = and sin(ae — 8) = —, where a and 3 both lie between 0 and L

13

then find the value of tan(2a).



Question: 13 HOMEWORK
If cos(f — a) = a and sin(# — 3) = b, then prove that:

cos®(a — B) + 2absin(a — B) = a® + b?




