HI EVERYONE,

THE REAL LEARNING IN MATHEMATICS HAPPENS WHEN YOU ACTIVELY ENGAGE WITH A PROBLEM,
EXPLORE DIFFERENT METHODS, AND WORK THROUGH CHALLENGES. THEREFORE, WE STRONGLY
ENCOURAGE YOU TO USE THIS SOLUTION KEY RESPONSIBLY.

PLEASE ATTEMPT ALL THE PROBLEMS ON YOUR OWN FIRST, GIVING THEM YOUR BEST AND MOST
HONEST EFFORT. THESE SOLUTIONS ARE TO HELP YOU GET UNSTUCK ON A PROBLEM AFTER YOU
HAVE ALREADY TRIED YOUR BEST.

YOUR EFFORT AND DEDICATION ARE THE TRUE KEYS TO SUCCESS.
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Que.1: Solve the following (SL.LONEY Ex.13)
1. If sina = 2 and sin 3 = 22, find the values of sin(a — 3) and sin(a + 3).

53 657
Solution:
First, we find the values of cos o and cos 8 using the identity cos?f = 1 — sin? . We assume « and 3
are acute angles.

\/1 (45)2 \/ 532 — 452 \/ 2809 — 2025 \/ 784 28
cos o = —|= = = = = —.
53 532 2809 2809 53

\/ <33)2 \/652 — 332 \/4225 — 1089 \/3136 56
cosB=1/1—-(—=) = — — _ 20
65 652 4225 4225 ~ 65

Now, we use the sum and difference formulas for sine.

sin(a + 3) = sin acos 3 + cos asin 3

-(5) (&) (5) (&)
~\53/ \65 53/ \65
2520 N 924 3444
3445 3445 3445’




sin(aw — ) = sin awcos § — cos asin 3

-(5) (&) - (55) )
- \53/ \65 53/ \65
2520 924 1596
3445 3445 3445

2. If sina = 12 and cos 3 = 13, find the values of sin(« + 3), cos(a — 3) and tan(a + j3).

Solution:
First, find cos a and sin 3, assuming acute angles.

cos&:\/l—sinzgz\/l— —
sinﬂ—\/l—COSQB—\/l— —

Now, we find the required values.

169 — 144 25 )
169 13

\/289—225 648
289 17

sin(a + ) = sinacos B + cos asin 5
(15 12 8 5) 180 +40 220
B (17) <13> * <17) <13> 221 221
cos(aw — B) = cosawcos f + sinasin
/8N /12) 15\ 5\ 96+75 171
- (17> (13) * <17> (13> 221 221

_ sina __ 15/17 _ 15 _ sinf __ 5/13 __ 5
For tan(a 4 f3), we find tana = 222 = ég/ﬁ = 3 and tan 3 = iifég = 12/W = .

tan o + tan 3 Byl
1 —tanatan g 1_(%) (%)
B0 55/24  55/24 55 96 55 x4 220

-2 £B 0 21/96 24 21 21 21

tan(a + ) =

3. Prove that: cos(45° — A) cos(45° — B) — sin(45° — A) sin(45° — B) = sin(A + B).

Solution:
The Left Hand Side (LHS) matches the identity cos(X+Y) = cos X cosY —sin X sin Y. Let X =45°—A

and Y = 45° — B.

LHS = cos(X +Y) = cos((45° — A) 4+ (45° — B))
= cos(90° — (A + B))
= sin(A + B) [Using the co-function identity
cos(90° — ) = sin 6]

LHS = RHS. Hence, proved.

4. Prove that: sin(45° + A) cos(45° — B) + cos(45° + A) sin(45° — B) = cos(A — B).

Solution:



The LHS matches the identity sin(X+Y") = sin X cos Y +cos X sinY. Let X = 45°+Aand Y = 45°—B.
LHS =sin(X +Y) = sin((45° + A) + (45° — B))
=sin(90° + (A — B))

= cos(A — B) [Using the co-function identity
sin(90° + 6) = cos 0]

LHS = RHS. Hence, proved.

5. Prove that: SnA=B)  sinlB=C)  sin(C=4) _

cos A cos B cos B cosC cos C'cos A

Solution:
We expand each term on the LHS using the difference identity for sine, sin(X —Y) = sin X cosY —
cos X sinY.

sinAcosB —cosAsinB sinAcosB  cosAsin B

T 1= = — =tan A — tan B.
erm cos Acos B cosAcosB cosAcosB an an
in B C — BsinC
Term 2 = S P o8 cososmb tan B — tan C.
cos BcosC
inC A— Csin A
Term 3 = ST €08 cossma tan C' — tan A.
cos(C cos A

Now, we add the simplified terms.
LHS = (tan A —tan B) + (tan B — tan C) + (tan C' — tan A) = 0.
LHS = RHS. Hence, proved.

6. Prove that: sin 105° 4 cos 105° = cos 45°.
Solution:
We evaluate the LHS using the sum formulas for sine and cosine.
LHS = sin(60° + 45°) 4 cos(60° 4 45°)
= (sin 60° cos 45° + cos 60° sin 45°) 4 (cos 60° cos 45° — sin 60° sin 45°)
V3 1 11 1 1 V3 1
- (2'\/§+2'¢§>+<2'ﬂ_2'ﬁ>
_VBHL 1-VB VB41+1-V3 2 ]
NIV 22 C2v2 V2
The Right Hand Side (RHS) is cos45° = LHS = RHS. Hence, proved.

f

7. Prove that: sin 75° — sin 15° = cos 105° + cos 15°.
Solution:
We evaluate both sides using sum-to-product formulas. For the LHS:

LHS = sin 75° — sin 15° = 2 cos (75 ;— 15) sin <75 ; 15)

1 1 1
=2c0s45°sin30° =2 [ — ():
(ﬂ) 2/ V2

1 1 105 -1
RHS = cos 105° + cos 15° = 2 cos 0+ 5) cos( 05 5)

= 2cos60° Cos45°—2 ( )

For the RHS:



LHS = RHS. Hence, proved.

8. Prove that: cosacos(y — ) — sinasin(y — a)) = cos .

Solution:
The LHS matches the identity cos(X +Y) =cos X cosY —sin XsinY. Let X = and Y =~ —a.

LHS = cos(a + (y — @)) = cos(a + v — ) = cos(7).

LHS = RHS. Hence, proved.

9. Prove that: cos(a + ) cosy — cos(f + ) cos v = sin S sin(y — ).
Solution:
We expand the terms on the LHS.

LHS = (cosacos f — sin asin 3) cosy — (cos 5 cosy — sin §sin y) cos «
= (cos acos B cosy — sin asin B cosy) — (cos acos 3 cosy — sin [ sin 7y cos a)
= cos acos F cosy — sin asin  cosy — cos a cos f cosy + sin 5 sin y cos a
= sin fsiny cos a — sin asin J cos «y
= sin 3(siny cos @ — cosy sin )

= sin A sin(y — ).

LHS = RHS. Hence, proved.

10. Prove that: sin(n + 1)Asin(n — 1)A + cos(n + 1)Acos(n — 1)A = cos 2A.
Solution:
The LHS matches the identity cos(X —Y) = cos X cosY 4+ sin XsinY. Let X = (n+ 1)A and
Y=(mn-1)A.
LHS = cos((n+ 1)A — (n—1)A)
= cos(nA+ A —nA+ A) = cos(24).

LHS = RHS. Hence, proved.

11. Prove that: sin(n + 1)Asin(n + 2)A + cos(n + 1) A cos(n + 2) A = cos A.

Solution:
The LHS matches the identity cos(X —Y) = cos X cosY +sin XsinY. Let X = (n + 2)A and
Y =(mn+1)A.

LHS = cos((n+2)A — (n+ 1)A)
= cos(nA+2A —nA — A) = cos(A).

LHS = RHS. Hence, proved.



Que.2: Prove that (SL.LONEY Ex.14)

sin 70—sin 560 __
* cosTO+cosbl tan ¢

Solution:
We use the sum-to-product formulas on the LHS.

2 cos (79+59) sin (79—59)
2

LHS =
2 cos (794559) cos (79559)
9 . .
_ cos(60) sin(0) _ sinf _ —
2 cos(66) cos(d)  cosd
LHS = RHS. Hence, proved.
sl g
Solution:
Using sum-to-product formulas on the LHS:
L _9sin (60;49) sin (69;40)
" 94in (60—546‘) cos (69;40)
94 : :
_ .sm(59) sin(6) _ sinf tand.
2sin(560) cos(6) cos 6
LHS = RHS. Hence, proved.
3. % = cos4AsechA
Solution:
Using sum-to-product formulas on the LHS:
LIS 2 cos (—7A2+A) sin (7‘42"4)
" 9cos SA;-QA) sin (8A;2A>
2 4A)sin(3A 4A
_ 2cos(44) sin(34) = cos(44) = cos4AsechA.

~ 2cos(5A4)sin(34)  cos(5A)
LHS = RHS. Hence, proved.

4. iFrenis = cot(A+ B)cot(A - B)

Solution:
Using sum-to-product formulas on the LHS:

2B+24 2B—24
2 cos (72 ) COS (72 )

_9sin <2B+2A) sin (23—2A)
2 2

2cos(A + B)cos(B — A)
—2sin(A + B)sin(B — A)
cos(A + B)cos(A — B)

= [Using cos(—z) = cosz and

—sin(A + B)[~sin(A - B)] sin(—z) = —sin z

B Z?SEi :|-|— g)) ' Z?j((j : g; = cot(A + B) cot(A — B).

LHS = RHS. Hence, proved.

LHS =




sin 2A+sin2B __ tan(A+B)
* sin2A—sin2B ~  tan(A—B)

Solution:
Using sum-to-product formulas on the LHS:

. (2A42B 24-2B
2 sin <72 ) COoS (72 )

LHS =
2 cos <M> sin (M%B)
_ sin(A + B) cos(A — B)
cos(A + B)sin(A — B)
_ sin(A+ B) cos(A B) _ tan(A + B)
cos(A+ B) sin(A — B) = tan(A + B) cot(4 - B) = tan(A — B)’

LHS = RHS. Hence, proved.

sin A+sin 2A A
° cos A—cos2A4 T = cot 5

Solution:
Using sum-to-product formulas on the LHS:

2sin (%) cos (A 2A)

—2sin (AZQA) sin (A 22’4)

_ 2sin(3A4/2) cos(—A/2) _ cos(A/2) _ cos(A/2)
—2sin(3A4/2)sin(—A/2)  —(—sin(A/2))  sin(A/2)

LHS =

= COt —.
C 2

cos2B—cos2A __
7. sin 2B+sin 2A tan(A B)

Solution:
Using sum-to-product formulas on the LHS:

_94in (23+2A) sin (23—2,4)
2

2

LHS =
2sin (22524 cos (22524
- m = —tan(B — A) = tan(~(B — 4)) = tan(A - B).

LHS = RHS. Hence, proved.

8. cos(A+ B) +sin(A — B) = 2sin(45° + A) cos(45° + B)
Solution:
We will simplify the RHS using the product-to-sum formula 2sin X cosY =sin(X +Y) +sin(X —Y).

RHS = 2sin(45° + A) cos(45° + B)
= sin((45° + A) + (45° + B)) + sin((45° + A) — (45° + B))
=sin(90° + A + B) +sin(A — B)
= cos(A+ B) +sin(A — B).

RHS = LHS. Hence, proved.

sin(4A—2B)+sin(4B—2A) __
9. cos(4A—2B)+cos(4B—2A) tan(A + B)



Solution:
Using sum-to-product formulas on the LHS:

2
;(43—2,4))

92sin ((4A—2B)+(4B—2A)) oS ((4A—2B)—(4B—2A))

LHS =

2 cos

(‘
2s1n (2 )cos <6A 68
(%

(4A— 2B)+ (4B— 2A)) oS ((4A—QB)

2

)
2442 )cos (GA 6B)
)
)

2 coS

_ sin(A + B) cos(3A — 3B
~ cos(A+ B)cos(3A — 3B

_ sin(A+ B)

= oA B) A+ D).

LHS = RHS. Hence, proved.

tan 560+tan 360 __
10. oty = 4cos 20 cos 46

Solution:
Convert tan to sin/cos on the LHS.

sin E’Z + S gg sin 58 cos 30 + cos 50 sin 36
LHS = 55 —anss — = :
w0550 cos30 sin 58 cos 30 — cos 50 sin 360
sin(50 4+ 30)  sin 86
sin(50 — 30)  sin 26
_ 2sindfcosd

sin 20
2(2sin 26 cos 26) cos 460

sin 260
= 4 cos 20 cos 40.

[Using sin 2X = 2sin X cos X]

LHS = RHS. Hence, proved.

cos 30+2 cos 50+cos 760 __ o
11. oo 05 con 30oonng — COS 20 — sin 26 tan 36

Solution:

First, we simplify the Left Hand Side (LHS) by grouping terms and using the sum-to-product formula,
A-B

cos A 4 cos B = 2 cos 258 cos 458,
(cos 70 + cos 30) + 2 cos 50
(cos 50 + cosf) + 2 cos 30

2 cos (M> CoS (79 39) + 2 cos b0

2 cos (59+9) cos (59 6) + 2cos 30

~ 2cos 50 cos 26 + 2 cos 50
~ 2cos 36 cos 20 + 2 cos 360
~ 2cos50(cos 20 + 1)
~ 2co0s30(cos 20 + 1)

cos b

cos 30

LHS =

[Factoring out common terms

Now, we will show that this simplified expression is equal to the Right Hand Side (RHS). We rewrite



cos 50 as cos(30 + 26) and use the cosine sum identity.

cosb50  cos(36 + 20)

cos36 cos 30
_cos 360 cos 260 — sin 30 sin 260

cos 30
_cos 30 cos20  sin 30 sin 20

cos 30  cos3d
= cos 20 — (sm 32) sin 260

[Using cos(A + B) formula]

[Splitting the fraction]

cos 3
= cos 20 — tan 30 sin 26.

Thus, we have shown that the LHS simplifies to the RHS. Hence, proved.

sin A+sin3A+sin 5A+sin7TA
12. cos A+cos 3A+cos5A+cosTA tan4A

Solution:
Group terms on the LHS and use sum-to-product.

(sin7A + sin A) 4 (sin5A + sin 3A)
(cosTA+ cos A) + (cosbA + cos3A)
~ 2sin4Acos3A + 2sin4Acos A

"~ 2cos4Acos3A + 2cosdAcos A
_ 2sin4A(cos3A +cosA)  sin4A

~ 2cos4A(cos3A +cos A)  cosdA

LHS =

= tan4A.

LHS = RHS. Hence, proved.

sin(0+¢)—2sin 0+sin(0—¢) _ .
13. cos(0+¢)—2 cos O+cos(0—¢) tan&

Solution:
Group terms on the LHS and use sum-to-product.

(sin(6 + ¢) + sin(0 — ¢)) — 2sind
(cos(0 + ¢) + cos(0 — ¢)) — 2cos b
_ 2sinflcos¢ — 2sinf
~ 2cosfcosp —2cosb
_ 2sinf(cos¢ —1)  sinf
~ 2cosf(cos—1)  cosf

LHS =

tan 6.

LHS = RHS. Hence, proved.

sin A—sin 5A+sin 9A—sin 134 __
14. cos A—cos 5A—cos 9A+cos 13A cot 44

Solution:
Group terms on the LHS.

Numerator = (sin9A — sin 13A4) — (sin5A — sin A)

22AN . [—4A 6A\ . [4A
= 2cos <> sin <) — 2cos <) sin ()
2 2 2 2
=2cos 11A(—sin2A) —2cos3Asin24 = —2sin2A(cos 114 4 cos 3A)
= —2sin2A4(2cos TAcos4A) = —4sin2A cos 4A cos TA.



Denominator = (cos 13A + cos A) — (cos b A + cos 9A)
=2cosTAcos6A —2cosTAcos2A = 2cos TA(cos6A — cos2A)
=2cos TA(—2sin4Asin2A4) = —4 cos TAsin4A sin 2A.

—4sin2A cos4A cos 7A cos4A
LH = 4A.
5= —4cosTAsin4Asin2A  sin4A cot

LHS = RHS. Hence, proved.

sin A4sin B A+B A-—B
15. 2 s = tan =52 cot =5

Solution:
Using sum-to-product formulas on the LHS:

2sin (A+B) cos (A B

LHS = )
2 cos (A+B) sin (ATB>
_ sin((A+ B)/2) cos((A—B)/2) ¢ nA—i— B . A-B
“cos(A+B)/2) sin((A—B)j2) T2 o
LHS = RHS. Hence, proved.
16, st — cot 442
Solution:
Using sum-to-product formulas on the LHS:
2 cos (4£L) sin (458
s (358) (3)
—2sin (B;A) sin (£34)
_ cos((A+B)/2)sin((A—-B)/2)  cos((A+B)/2) . A+ B
T “sin((A+ B)/2)[—sin((A— B)/2)] _ sin((A+B)/2) O 2

LHS = RHS. Hence, proved.

17 cos(A+B+C)+cos(—A+B+C)+cos(A—B+C)+cos(A+B-C) __ cot B
* sin(A+B+C)+sin(—A+B+C)—sin(A—B+C)+sin(A+B-C)

Solution:
Let’s group terms and apply sum-to-product formulas.

Num = [cos(B + C + A) + cos(B+ C — A)| + [cos(A+ (B — C)) + cos(A — (B —C))]

= 2cos(B + C)cos A+ 2cos Acos(B — C)

= 2cos A(cos(B + C) 4 cos(B — C')) = 2 cos A(2 cos BcosC') = 4 cos Acos BcosC.

Den = [sin(A+ B + C) +sin(—A+ B+ ()] + [sin(A+ B — C) —sin(A — B+ ()]
= 2sin(B 4 C) cos A+ 2 cos(A) sin(B — C)
= 2cos A(sin(B + C) +sin(B — C')) = 2 cos A(2sin Bcos C') = 4 cos Asin B cos C.

4 cos A cos B cos C cos B
LHS = = cot B.
4cos Asin BecosC' sin B -

LHS = RHS. Hence, proved.



18. cos3A 4 cosbHhA +cosT7TA + cos 15A =4 cosdAcosbAcos6A

Solution:
Group terms on the LHS.

LHS = (cos 15A + cos 3A) + (cos TA 4 cos 5A)

= 2cos (1&4) Ccos (12A> + 2 cos (12A) cos (2A)

2 2 2 2
=2c089Acos6A + 2cos6Acos A =2cos6A(cos9A + cos A)
=2cos6A(2cosbAcos4A) =4 cosdAcos5Acos6A.

LHS = RHS. Hence, proved.

19. cos(—A+ B+ C)+cos(A— B+ C)+cos(A+ B —C)+cos(A+ B+ C) =4cos Acos BcosC

Solution:
This is the same as the numerator of question 17.

LHS = [cos(B+ C — A) 4+ cos(B+ C + A)] + [cos(A — (B —C)) + cos(A+ (B —C))]
= 2cos(B + C) cos(—A) + 2cos Acos(B — C)
= 2cos A(cos(B + C') 4 cos(B — C))
= 2cos A(2cos BcosC') = 4 cos Acos BcosC.

LHS = RHS. Hence, proved.

20. sin50° — sin 70° +sin 10° =0

Solution:
Group the first two terms on the LHS.

LHS = (sin 50° — sin 70°) + sin 10°
= 2cos <5O ; 70) sin (50 ; 70) + sin 10°

= 2c0s(60°) sin(—10°) + sin 10°

1
=2 (2> (—sin10°) 4+ sin 10° = —sin 10° 4 sin 10° = 0.
LHS = RHS. Hence, proved.

21. sin 10° 4 sin 20° + sin 40° + sin 50° = sin 70° + sin 80°
Solution:
Let’s work on the LHS by grouping terms.

LHS = (sin 50° 4 sin 10°) + (sin 40° + sin 20°)

. /50410 50 — 10 /40 + 20 40 — 20
:ZSm( 5 )cos( 5 >—|—2sm< 5 )cos( 5 )

= 25sin 30° cos 20° + 2 sin 30° cos 10°

1 1
=2 <2> cos 20° + 2 (2> cos 10° = cos 20° + cos 10°.
Now, let’s work on the RHS using co-function identities.

RHS = sin 70° + sin 80° = sin(90° — 20°) + sin(90° — 10°) = cos 20° + cos 10°.

10



LHS = RHS. Hence, proved.

22. sin « + sin 2« + sin 4o + sin ba = 4 cos % cos ‘57‘1 sin 3«

Solution:
Group terms on the LHS.

LHS = (sin ba + sin ) + (sin 4 + sin 2a)
= 2sin <6a) Cos <4a) + 2sin <60¢) Cos (204)
2 2 2 2
= 2sin 3a cos 2a + 2 sin 3 cos av

= 2sin 3a(cos 2a + cos )

= 2sin 3a (2 CcoS 3—a CcoS a)
2 2
= 4 cos @ CcoS 3704 sin 3.
2 2

LHS = RHS. Hence, proved.

11



Que.3: SL LONEY Ex.15

1-4. Express as a sum or difference the following:

Solution:
We use the product-to-sum formulas.

1. 2sin560sin 70 = cos(70 — 50) — cos(70 4 50) = cos 20 — cos 126.
2. 2cos 70sin 50 = sin(76 + 50) — sin(70 — 50) = sin 126 — sin 26.
3. 2cos 1160 cos 30 = cos(116 + 36) + cos(116 — 36) = cos 146 + cos 86.

4. 2sin54°sin 66° = cos(66° — 54°) — cos(66° + 54°) = cos 12° — cos 120°.

5. Prove that: sin 5 sin @@ + sin %9 sin 1719 = sin 26 sin 50

Solution:
Multiply the LHS by 2 and divide by 2, then apply product-to-sum.

LHS:1 231117—esing—i—2sin£sinﬁ
2 2 2 2 2

) () o) (2]

1
b [cos 30 — cos 46 + cos 40 — cos T0]

1 1 1 —4
= 5(005 360 — cos70) = 3 (—2 sin ((2)9> sin (;)) = sin 56 sin 26.

LHS = RHS. Hence, proved.

6. Prove that: cos 26 cos 5 — cos 30 cos 929 = sin 56 sin ‘)29

Solution:
Multiply the LHS by 2 and divide by 2, then apply product-to-sum.

LHS = 1 [2 cos 20 cos Z — 2 cos 36 cos 920]

G WY T JNP
COS COS 9 COS 9 COS 9

|
o) o ()= ()

= sin(h6) sin(56/2).

1
"2
1
T2

LHS = RHS. Hence, proved.

7. Prove that: sin Asin(A + 2B) — sin Bsin(B + 2A) = sin(A — B) sin(A + B)

Solution:

12



Multiply the LHS by 2 and divide by 2, then apply product-to-sum.
LHS = ;[2 sin(A + 2B)sin A — 2sin(B + 2A) sin B
= ;[(COS(QB) — cos(2A + 2B)) — (cos(2A) — cos(2B + 2A))]
= ;[cos 2B — cos(2A + 2B) — cos 2A + cos(2A + 2B)]
= ;(COS 2B — cos2A) = ;(—2 sin(B + A) sin(B — A))
= sin(A + B)sin(A — B).
LHS = RHS. Hence, proved.
8. Prove that: (sin3A +sin A)sin A + (cos3A —cos A)cos A =0

Solution:
Apply sum-to-product on the terms in parentheses.

LHS = (2sin2Acos A)sin A + (—2sin2Asin A) cos A
=2sin2Acos Asin A — 2sin2Asin Acos A = 0.

LHS = RHS. Hence, proved.

2sin(A—C) cos C—sin(A—2C) _ sin A
* 2sin(B—C)cosC—sin(B—2C) =~ sinB

Solution:
Apply product-to-sum on the first term in the numerator and denominator.

Numerator = [sin((A — C) + C) +sin((A — C) — C)] — sin(A — 2C)
=sin A +sin(A — 2C) —sin(A — 2C') = sin A.

Denominator = [sin((B — C) + C) +sin((B — C) — C)] — sin(B — 2C)
= sin B + sin(B — 2C') — sin(B — 2C) = sin B.
LHS = &84 Hence, proved.

sin B~

sin Asin 2A+sin3Asin6A+sin4Asin13A
10. sin A cos 2A+sin3A cos 6A+sin4A cos13A ~ tan 9A
Solution:

Multiply the numerator and denominator by 2 and apply product-to-sum/difference formulas.

Numerator = (2sin Asin2A4) 4 (2sin3Asin6A) + (2sin4Asin 13A4)
= (cos A — cos3A) 4 (cos 3A — cos 9A) + (cos 9A — cos 17A)
=cos A — cos17A.

Denominator = (2sin A cos 2A4) + (2sin3A cos 6A) + (2sin4A cos 13A)
(sin3A 4 sin(—A)) + (sin9A + sin(—3A)) + (sin 17A + sin(—9A4))
= (sin3A —sin A) 4 (sin9A —sin3A4) + (sin 17A — sin9A) = sin 174 — sin A.

Now, combine the simplified numerator and denominator.

_ —2sin (184) sin (=104 i I
LS — cos A —cos17A ( 2 ) ( 2 ) ~ 2sin9Asin8A  tan9A

sinl7TA—sinA  9cos (1&4) sin (M) © 2c0s9Asin8A

2 2

13



LHS = RHS. Hence, proved.

11. cos(36° — A) cos(36° + A) + cos(54° + A) cos(54° — A) = cos 24
Solution:
Use the identity cos(X —Y) cos(X +Y) = cos* X —sin?Y.
LHS = (cos® 36° — sin® A) + (cos® 54° — sin® A)
= cos® 36° + cos?(90° — 36°) — 2sin”® A
= cos”?36° + sin® 36° — 2sin® A = 1 — 2sin” A = cos 24.

LHS = RHS. Hence, proved.

12. cos Asin(B — C') + cos Bsin(C' — A) + cos C'sin(A — B) =0
Solution:
Expand the sine terms on the LHS.

LHS = cos A(sin B cos C' — cos Bsin C') + cos B(sin C' cos A — cos C'sin A)
+ cos C'(sin A cos B — cos Asin B)
= cos Asin B cos C' — cos A cos B sin C' + cos B sin C'cos A — cos B cos C'sin A
+ cos C'sin Acos B — cos C' cos Asin B
=0
[All terms cancel out in pairs. For example,

the first term cancels with the sixth.}

LHS = RHS. Hence, proved.

13. sin(45° + A)sin(45° — A) = J cos 24

Solution:
Use the identity sin(X +Y)sin(X —Y) =sin®? X —sin?Y.

V2

1 1 — 2sin?
L e sin A: cosQA'
2 2 2

2
LHS = sin®45° — sin? A = <1> —sin?A

LHS = RHS. Hence, proved.

14. sin(f8 — v) cos(a — §) + sin(y — «) cos(f — §) + sin(a — ) cos(y — 0) =0
Solution:
Multiply the entire LHS by 2 and use the formula 2sin X cos Y = sin(X 4+ Y') +sin(X —Y).
2 x LHS = [2sin(f — ) cos(a — 0)] + [2sin(y — «) cos(8 — 0)] + [2sin(a — () cos(y — 0)]
= [sin(f —v+a—=29) +sin(f—v—a+0)]
+[sin(y —a+ B —0) +sin(y —a— §+9)]
+ [sin(a — S+ v —9) +sin(a — f — v+ )]

Observe that terms cancel in pairs. For example, sin(f —~v —a +0) = —sin(a — §+ v — §). All terms
will cancel.

2xLHS=0 = LHS=0.
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Hence, proved.

s 97 . 3T b
15. 2cos {3 cos 35 +cos 33 +cos 35 =0
Solution:
Apply the product-to-sum formula 2 cos X cosY = cos(X +Y) 4 cos(X — Y) to the first term of the

LHS.

LHS = [cos <7r—|-97r)—i—cos(97r 7T)]—i—cos37T—i—COSSW

13 ' 13 13 13 13 13
107 n 8 n 3T n 5%
= —— 4 cos — + cos — 4+ cos —
T 13 13 13
Now, use the identity cosx = — cos(m — ).
107 ( 37?) 3T
— = — — ) = —cos —.
cos E cos | E E
8 B ( 57T> _ 5%
cos E cos | m 3) = cos 13
Substituting these back into the expression:
3 5 3 5
LHS = <—coslg) + (—(30317;) —|—COS£ —1—0051—7; = 0.

LHS = RHS. Hence, proved.
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Que 4: SL LONEY EX.17
1. Find the value of sin2a when
(i) cosaw =2
(i) sino = 33
(iii) tano = &

Solution:

We use the formula sin 2o = 2sin a cos . We will assume « is in the first quadrant, so all trigonometric
ratios are positive.

(i) Given cosa = 3/5. First, find sin a:

3\? 9 16 4
ina =1 — cos? :,/1_<> =l = =/—= = —.
S & COSs 5 o5 o5 5

Now, calculate sin 2a:

1n — 1n = — — = —.
S (0% S1I11 (¥ COS (¥ 5 5 25

(ii) Given sina = 12/13. First, find cos a:

12\ 2 144 25 5
Cosa:m:w_( )i

13 169 169 13

Now, calculate sin 2a:

12 12
sin2a:2sinacosa:2( ><5> 0

13/ \13) ~ 169’
(iii) Given tana = 16/63. We can use the formula sin 2a = liﬁig‘a
, 2(16/63) 32/63 32/63 32/63
sin 2a = 2 — ~ 39691256

1+ (16/63)2 1+ 256/3969 3005256 — 4995 /3969

32 3969 63 2016

= —X——=32X —— = ——.

63 4225 4225 4225

2. Find the value of cos2a when

15

(i) cosa = 3=

4

(ii) sina = ¢

e o 5
(iii) tana = 73

Solution:

(i) Using the formula cos2a = 2cos? a — 1.

15\ 2 225 450 — 289 161
2a0=2(—=) —1=2(=)-1= = .
cossa (17) <289> 289 289

16



(ii) Using the formula cos2a = 1 — 2sin? a.

4\ 2 1 2 7
cosZa—1—2() —1—2(6>—1—3——.
5 25 25 25

1—tan? o
1+tan? o ”

(iii) Using the formula cos2a =

1-(5/12)>  1-25/144 (144 —25)/144 119

20 = — - = .
ST T (5/12)2 T 1+ 25/144 (144 +25)/144 169

3. If tanf = 2, find the value of a cos 20 + bsin 26.

a’
Solution:
We express cos 26 and sin 260 using the t-formulas (in terms of tan6).

1—ta1120_1—(b/a)2_d a® — b*

20 = _ _ = |
" 1+tan®*0 1+ (b/a)? a%bz aZ + b2
sin 20 = 2tan92 _2(bja) 226/2 _2ab

1+tan®0 1+ (b/a)? aa%b 2102

Now substitute these into the given expression.

2 _ 12 2
ac0329+bsin29:a<ab>+b< ab)

a? + b2 a? + b2
a(a® —b%) + b(2ab)  a® — ab® + 2ab?
B a? + b2 a2+

a®+ab®  a(a®+0?)
a?+0b>  a?+b

. sin2A  __ .
4. Prove that: Trom2d = tan A

Solution:
We use the double angle formulas for sine and cosine on the LHS.

2sin Acos A 2sinAcosA  sinA
LHS = = = = tan A.
1+ (2cos? A—1) 2cos? A cosA

LHS = RHS. Hence, proved.
5. Prove that: (#2224 — cot A
Solution:
We use the double angle formulas for sine and cosine on the LHS.

LHS — 2sinAcos A 2sinAcos A cosA ot AL

1—(1-2sin?4)  2sin?4  sinA

LHS = RHS. Hence, proved.

. 1—cos2A __ 2
6. Prove that: Treesd = tan® A

17



Solution:
We use the double angle formulas for cosine on the LHS.

1—(1—-2sin>A) 2sin*A

= = tan® A.
14+ (2cos?A—1) 2cos?A o

LHS =

LHS = RHS. Hence, proved.

7. Prove that: tan A 4+ cot A = 2 cosec2A4

Solution:
We express tan and cot in terms of sin and cos.

sinA  cosA sin? A + cos? A

cos A + sinA  sinAcos A
1 ¢ -
= sinAcos A [Using sin? A + cos? A = 1]
sin A cos
2

= [Multiply numerator and denominator by 2]

2sin Acos A

2
= Y = 2cosec 2A.

LHS = RHS. Hence, proved.

LHS =

8. Prove that: tan A — cot A = —2cot 24

Solution:
We express tan and cot in terms of sin and cos.

. ) . 2
LHS:SIDA cosA sin“ A —cos A

cosA  sinA  sinAcosA
—(cos* A —sin? A)  —cos2A cos 2A
5(2sin Acos A) 5sin2A4 sin 2A «©
LHS = RHS. Hence, proved.
9. Prove that: cosec2A + cot2A = cot A
Solution:
We express csc and cot in terms of sin and cos.
1 cos2A 1+ cos2A
sin 2A * sin 24 sin 2A
1+ (2cos? A —1) 2cos? A cos A
= = = = cot A.

2¢inAcos A 2sinAcosA  sin A
LHS = RHS. Hence, proved.

10. Prove that: ljrossifA = tan(45° — g)

Solution:
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We use half-angle formulas for the LHS.

cos?(A/2) — sin?(A/2)
LHS = 1+ 2sin(A/2) cos(A/2)
_ cos?(A/2) — sin?(A/2)
cos?(A/2) + sin?(A/2) + 2sin(A/2) cos(A/2)
(cos(A/2) —sin(A/2))(cos(A/2) + sin(A/2))
(cos(A/2) +sin(A/2))?
cos(A/2) —sin(A/2)
cos(A/2) + sin(A/2)

[Using 1 = cos? @ + sin? 6]

Now, divide the numerator and denominator by cos(A/2).

_ 1—tan(A/2)  tan45° —tan(A/2)

= = = 45° — A/2).
T tan(A/2) ~ 1+ tand5 tan(Aj2) _ on(45" = 4/2)

LHS = RHS. Hence, proved.

. sec8A—1 __ tan8A
11. Prove that: sec4A—1 ~— tan2A4

Solution:
We convert sec to cos.

L1 M_l—cos&él cos4A

LHS = cos 8A _ _cos8A __ .
1 . 1—cos4A _
o — 1 E® 1 —cos4A cos8A

_ 2sin®4A cos4A
~ 2sin?2A  cos8A
_ sin4A - (2sin4Acos4A)  sin4A-sin8A

[Using 1 — cos2X = 2sin? X]

2sin?2Acos8A  2sin?2Acos8A
(2sin2Acos2A4)sin8A  cos2Asin8A tan 8 A
= = =cot2Atan8A = .
2sin? 2A4 cos 8 A Sin2Acos8A 0 an tan 2A

LHS = RHS. Hence, proved.

12. Prove that: % = cosec 2A

Solution:
Let § = 45° — A. The LHS is in the form }f%ﬁzz.

1+ tan® 40 1 1
1 —tan?0  1=tan’0 4520
1+tan? @
1 1

 cos(2(45° — A)) - cos(90° — 2A4)

= Y = cosec 2A.

LHS = RHS. Hence, proved.

a+p
tan —

13. PI’OVG that: sina+sin 8 __

sina—sinf8 ~ tan 0‘55

Solution:
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We use the sum-to-product formulas on the LHS.

2sin (a;ﬁ) cos (a 8

)
2 cos (a+ﬂ) sin (O‘—)
(
(

LHS =

_ sin((a + 3)/2) ~cos (a—f)/2)
cos((a+ B)/2) sin((a — B3)/2)
a+p ta—ﬁ tano‘+6

= tan co = .
2 2 tan 0‘25
LHS = RHS. Hence, proved.
14. Prove that: Sin;gﬁ::ﬁgiosjg = tan(A + B)

Solution:
We use the identity sin? X — sin? Y = sin(X 4 Y)sin(X — Y) in the numerator. In the denominator,
we use the identity sin X cos X = = Sln 2X.

sin(A + B)sin(A — B)  2sin(A+ B)sin(A — B)

LHS = -
% sin2A — % sin2B sin2A — sin2B

Now apply sum-to-product on the denominator.

2sin(A + B)sin(A — B)

2 oS (2A-52B> sin <2A;23>

2sin(A+ B)sin(A— B) sin(A+ B
)

)
2cos(A+ B)sin(A—B) cos(A+ B) an(4 + B)

LHS = RHS. Hence, proved.

15. Prove that: tan(} + 6) — tan(§ — 0) = 2tan 20
Solution:
We use the tan(X £ Y) formulas.

tan(m/4) + tan 6 tan(mw/4) — tan 6

1 —tan(n/4)tan® 1+ tan(r/4)tan 6

~ 1+tanf 1 —tan6

T 1—tanf 1+tanf

~ (I+tan6)® — (1 — tan6)?

(1 —tan)(1 +tanf)

(1+2tan® + tan?0) — (1 — 2tand + tan®0)

LHS =

1 — tan4
4tan @ 2tand
1 —tan?6 <1—tan29> an

LHS = RHS. Hence, proved.

., cosA+sinA  cosA—sin A __
16. Prove that: cos A—sin A cos A+sinA 2tan 24

Solution:
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We find a common denominator for the LHS.

(cos A + sin A)? — (cos A — sin A)?
(cos A —sin A)(cos A + sin A)
(cos? A + sin? A + 2sin Acos A) — (cos? A + sin? A — 2sin A cos A)
cos? A —sin? A
(1+sin24) — (1 —sin24)  2sin2A

cos2A ~ cos2A

LHS =

= 2tan2A.

LHS = RHS. Hence, proved.

17. Prove that: cot(A + 15°) — tan(A — 15°) = 13-;0:15;‘/1

Solution:
We convert cot and tan to sin and cos.

cos(A+15°)  sin(A — 15°)
sin(A 4 15°)  cos(A — 15°)
cos(A + 15°) cos(A — 15°) — sin(A + 15°) sin(A — 15°)
sin(A + 15°) cos(A — 15°)
cos((A + 15°) + (A — 15°))
S[sin((A 4 15°) + (A — 15°)) +sin((A 4 15°) — (A — 15°))]
cos(2A4)
£ [sin(2A4) + sin(30°)]
cos 24

$(sin24 + 1/2)

2cos2A
sin2A4 +1/2

4cos2A
2sin2A +1°

LHS = RHS. Hence, proved.

LHS =

18. Prove that: cos® 20 + 3 cos 20 = 4(cos® § — sin® 0)

Solution:
We simplify the RHS using the difference of cubes formula a® — * = (a — b)(a® + ab + b?).

RHS = 4((cos? §)* — (sin? 6)?)
= 4(cos? § — sin? §)(cos* § + cos® §sin® § + sin 0)

= 4 cos 20[(cos® § + sin® §)* — cos? f sin” 6] [Completing the square]

190\ 2
= 4cos20[1 — (sin @ cos §)?] = 4 cos 20 [1 - (sz ) ]

sin® 26

= 4 cos 20 [1 - ] = cos 260/(4 — sin® 20)

= c0s20(4 — (1 — cos®20)) = cos 20(3 + cos” 26)
= 3 cos 20 + cos® 20.

RHS = LHS. Hence, proved.

19. Prove that: 1+ cos?260 = 2(cos* 6 + sin? )

21



Solution:
We simplify the RHS.

RHS = 2[(cos®  + sin”#)* — 2 cos” fsin” ]
: 2

in? 20
:2[1—8”12 1 — 9 _sin?20

=2 — (1 —cos?20) = 1+ cos® 26.

RHS = LHS. Hence, proved.

20. Prove that: sec? A(1+ sec2A4) = 2sec2A

Solution:
We convert sec to cos.

LHS — 1 <1+ 1 ): 1 (cos2A+1)

cos? A cos 2A cos? A cos2A
1 2 241 1 1 2 2 A 2
= (2 cos )+ = o8 = = 2sec2A.
cos? A cos2A cos? A \ cos2A cos2A

LHS = RHS. Hence, proved.

21. Prove that: cosec A —2cot2Acos A = 2sin A

Solution:
Note: The problem in the PDF has a typo. This is the corrected version.

1 cos2A 1 cos 2A
LHS = —2 A= — A

sin A sin 24 o8 sin A 2sin Acos A o8
1 cosQA_l—cosQA
 sinA sinA  sinA

1—(1—2sin?A 2sin? A
= ( y sin” A) = s.m = 2sin A.

sin A sin

LHS = RHS. Hence, proved.

22. Prove that: cot A = 1(cot 4 —tan?)

Solution:
We simplify the RHS.

(cos(A/Z) sin(A/Q)) _ ; <cos2(A/2) - sm2(A/2)>

sin(A/2)  cos(A4/2) sin(A/2) cos(A/2)

A A
(COS >:COS ot A,

% sin A sin A

RHS = LHS. Hence, proved.

23. Prove that: cosda =1 — 8cos? a + 8 cos* a

Solution:
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Note: The problem in the PDF has a typo. The correct identity is cos4a = 8 cos* o — 8 cos? a + 1. We
will prove this corrected version.

LHS = cos(2(2a)) = 2cos?(2a) — 1
=2(2cos’a — 1)? — 1
=2(4cos*a —4cos’a+1)—1

=8costa—8cos®’a+2—1=28cos*a — 8cos? v + 1.

24. Prove that: sin4A = 4sin A cos® A — 4cos Asin® A

Solution:
We start with the LHS.

LHS = sin(2(2A4)) = 2sin 2A cos 24
= 2(2sin A cos A)(cos® A — sin® A)
= 4sin A cos A(cos® A — sin® A) = 4sin Acos® A — 4 cos Asin® A.

LHS = RHS. Hence, proved.
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Que 5: SL LONEY Ex 18 (Prove that)
1. cos® o + cos?(a + 120°) + cos? (o — 120°) = 2

Solution:

We use the identity cos? § = 1F<cos20

2
1+ cos2a 14 cos(2a +240°) 1+ cos(2ar — 240°)
2 * 2 * 2

3 1
=3 + §[C0S 2a + cos(2a + 240°) + cos(2a0 — 240°)]

Now, use the sum-to-product formula for the last two terms inside the bracket.

LHS =

3 1
=3 + 5 [cos 2a + 2 cos 2 cos 240°]
3 1
=3 + §[COS 20+ 2 cos 2a(—1/2)] [Since cos 240° = —1/2]
3 1 3 3
=3 + 5[(:08204 — cos2al = 5 +0= 3
LHS = RHS. Hence, proved.
2. cos® § + cos* 3—7 + cos? ﬂ + cos* 78 = %
Solutlon.
We use the identity cos(m — ) = — cosz, which implies cos*(m — x) = cos* z. cos* T = cos*(m — ) =
cos* 2. cos? 5T = cos*(m — 3F) = cos* 3. The expression becomes:
3m
LHS = 2 ( Z + cos )
cos* g Toos" ¢
Now use cos 3F = cos(67.5°) = sin(22.5°) = sin %.
7r
LHS = 2 < T 4 sin® >
_COS 3 + sin 3
= 2 |(cos? T 4 sin? E)Q ~ 2cos? = sin? W} [Completing the square]
L 8 8 8 8
[ 2 1 2
— 217 =2 <Sin7rcos7r> —2]1-2 (smﬂ>
_ 878 2"y
2
1 1 1 1
—92l1-2 :2[1—2()]:2[1—}:2(3):3.
22 8 1 1) =2
LHS = RHS. Hence, proved.
3. sin* st sin? 3—” + sin? 5—” + sin? 78 = %
Solutlon.
We use the identity sin(r — ) = sinz. sin* & = sin*(7r — Z) = sin* Z. sin* 3¢ = sin*(7 — 3F) = sin* 3.

The expression becomes:

LHS =2 (sm — + sin 37r>

8
Now use sin 2% = sin(67.5°) = cos(22.5°) = cos %.
LHS =2 (sm gt cos? g)

This is the same expression we simplified in the previous question, which equals % LHS = RHS. Hence,
proved.
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Que 6: SL LONEY Ex 19

1. Prove that: sin?72° — sin?60° = rg_l

Solution:
A direct method is to use the known values of sin 72° and sin 60°.

LHS = sin® 72° — sin? 60°

(\/10+2\/5

_10+2v5 3 1o+2\/§—12

- 16 4 16

C2v5-2 2(V5-1) V5-1
6 16 8

LHS = RHS. Hence, proved.

2. Prove that: cos?48° —sin?12° = %

Solution:
Using the identity cos? A — sin? B = cos(A + B) cos(A — B).

LHS = cos(48° + 12°) cos(48° — 12°)
= cos(60°) cos(36°)
1 V5+1
=5
V5+1
-
LHS = RHS. Hence, proved.

[Using known values for cos 60° and cos 36°]

3. Prove that: cos12° + cos 60° + cos 84° = cos 24° + cos 48°

Solution:
We will rearrange the equation to prove cos 12° 4 cos 84° — cos 24° — cos 48° = — cos 60°.

LHS of rearranged eq. = (cos 84° + cos 12°) — (cos 48° + cos 24°)

96° 72° 72° 24°
:2008( )cos( )—2c0s< )cos( )
2 2 2 2
= 2c0s48° cos 36° — 2 cos 36° cos 12°
= 2c0s 36°(cos 48° — cos 12°)

= 2 co0s 36°(—2sin 30° sin 18°)

(52 (52

CVB+1l —(V5-1) 5-1 4 1
2 4 8 8 2
The RHS of the rearranged equation is — cos60° = —1/2. LHS = RHS. Hence, proved.

4. Prove that: sm T sin 2= sin 3—” sin %’r = 1%

Solution:
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; o oal o sodm TN _ ain T oin ST o 2T\ i 27
We use the identity sin(m — ) = sinz. sin 3 = sin(r — ) =sin . sin % = sin(r — ) = sin .

2T 27 T ( T 27r) 2

LT, . . . .
LHS:smgsm?sm—sm—: sin — sin —

5 5 5 5
= (sin 36° sin 72°)?
2
~(V1i0-2v5 J1i0+2v5
N 4 4
2
(Yo —2v5)(10+2v5)\  (yI00—20)
N 16 B 16
(VRO (BT (VB 5
~\16/) \16) \4/) 16
LHS = RHS. Hence, proved.
5. Prove that: sinlﬂ—o + sin 1133 = —%

Solution:
We convert the angles to degrees and use known values. 7/10 = 18° and 137 /10 = 234°.

LHS = sin 18° 4+ sin 234°

= sin 18° + sin(180° + 54°) = sin 18° — sin 54°
= sin 18° — sin(90° — 36°) = sin 18° — cos 36°

CVE-1 VA1 WVB-1-W6-1 -2 1
4 4 4 42
LHS = RHS. Hence, proved.
6. Prove that: sin 75sin £27 = —1

Solution:

LHS = sin 18° sin 234° = sin 18° sin(180° + 54°)
= 8in 18°(—sin 54°) = — sin 18° cos 36°

_ VE—1\ [(V5+1
Co)e

16 16 16 4

LHS = RHS. Hence, proved.

7. Prove that: tan6°tan42°tan 66°tan 78° =1
Solution:
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We convert to sin and cos and apply product-to-sum formulas.

LHS =

sin 6° sin 42° sin 66° sin 78°

cos 6° cos 42° cos 66° cos 78°

_ (2sin 6° sin 66°) (2 sin 42° sin 78°)

LHS = RHS. Hence, proved.

8. Prove that: oS 1% C()b =X cos =X cos =X cos o7 cos s cos I =

Solution:

2 cos 6° cos 66°)(2 cos 42° cos 78°)
cos 60° — cos 72°)(cos 36° — cos 120°)

cos 60° + cos 72°)(cos 36° + cos 120°)
1/2 — sin 18°)(cos 36° + 1/2)

1 9)

i)

1(\f+1

)

oo ISR T
&
.;m

ot N [ =

S

+3>

_4/16
©4/16

—_
=]

=
|
—

-
_
- (
_(
~ (1/2 4+ sin 18°)(cos 36° — 1/2)
_ G-
(
_ (=
(

—_
S

— |
Gl

+4)

)

—_
=]

671' 1

27

ﬁ 1 1
COS _— = —.
Pt T 128 o7

9. Prove that: 16cos 2T (‘Ob e (‘Ob 15 COs 14—” =1
Solution:
We use the identity cos(m — ) = —cos . cos 5 = cos(m — %) = — cos 1&.
2 4
LHS = 16cos —= cos — cos s7 <— cos W)
15 15 15 15
s 2m 4m 8m
= —16 cos — €0S — €0S — €0S —
15 15 15 15
= —16cos Acos2A cos4A cos8A [Let A =m/15]
in(21A in(16A
cos Acos2A cos4Acos8A = S;iliin A) = Sllg(sin A)
_ sin(167/15)  sin(m + 7/15)
~ 16sin(7/15)  16sin(7/15)
_ —sin(w/15) 1
~ 16sin(7/15) 16

Substituting this back into the LHS expression:

LHS = RHS. Hence, proved.

1
LHS = -1 1.
5= 16 (55) -
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Que 7: SL LONEY Ex 20

If A+ B+ C = 180° prove that:

Solution for 1-3:
We use the condition A+ B = 180° — C', which implies sin(A + B) = sin C and cos(A + B) = —cosC.

1. sin2A + sin2B — sin 2C = 4 cos A cos Bsin C

LHS = (2sin(A + B) cos(A — B)) — 2sin C cos C
= 2sinC cos(A — B) — 2sinC cos(m — (A + B))
= 2sinC cos(A — B) 4 2sin C cos(A + B)
= 2sin C(cos(A — B) + cos(A + B)) = 2sin C(2cos A cos B) = 4 cos A cos Bsin C.

2. cos2A + cos2B + cos2C = —1 — 4 cos A cos B cos C

LHS = (2cos(A + B) cos(A — B)) + (2cos’ C — 1)
=2(—cosC)cos(A— B) +2cos’C — 1
= —1—2cosC(cos(A — B) — cosC)
=—1—2cosC(cos(A— B) +cos(A+ B)) = —1 —2cos C(2 cos Acos B)
= —1—4cosAcos BcosC.

3. cos2A +cos2B —cos2C =1 — 4sin Asin Bcos(C

LHS = (2cos(A + B) cos(A — B)) — cos 2C
= 2(—cosC)cos(A — B) — (2cos’ C — 1)
=1—2cosC(cos(A— B) +cosC)=1—2cosC(cos(A — B) — cos(A+ B))
=1—2cosC(2sin Asin B) = 1 — 4sin Asin B cos C.

Solution for 4-6:

We use the condition A+B in €

A+ A+B

B — 90° — ¢ which implies sin = Cos 5 ¢ and cos

4. sinA+sin B+sinC = 4cos§cos§cos%

. A+ B A—B - C C
LHS-(Qsm 5 Cos 5 )+2sm2(3052

5 +QSiH§COSE

— R— — 1 JR— — JR—
= 4 COS 9 COS 9 -+ sin 9 — 4 COS 9 COS 9 + cos 5

. C<2 >_4 A B C
= 4COS 9 COS 9 COSs B = 4 COS 9 COS 9 COS 2

= 2cos bl CcoS

5. sinA+sinB —sinC = 4sin§sin§cos%

LHS = <QSiHA+BCOSA_B) —2singcosg
2 2 2 2

= 208 — cos
2

C

= 2cos — (cos
2

5 —281H§COS§
A—-B - C C A—-B A+ B
—s1n2>:20082<cos — COS 5 >

5 C’<2 A B) Asi A B C
= — in —sin — | = 4sin — sin — cos —.
cos o | 2sin o sin o sin - sin - cos
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6. cosA+cosB +cosC = 1+4sin§sin§sing

2 2
A+ B A—-B C
LHSz(?COS a cos )+(1—2sin2)
2 2 2
A—-B
:QSingcos +1—281n2§
14 25 C’( A-B . C’) L4 25 C( A—B A+ B
= in — —sin— | = in — —
S 5 cos 5 S 5 S 5 cos 5 cos 5
C A B A B C
:1+281n<281nsin):1+4sinsinsin.
2 2 2 2 2 2

Solution for 7-9:

7. sin? A 4+ sin? B — sin? C' = 2sin Asin B cos C

LHS = sin? A + (sin? B — sin® C') = sin® A +sin(B + C)sin(B — C)
= sin® A + sin(7 — A) sin(B — C) = sin® A + sin Asin(B — C)
= sin A(sin A + sin(B — C)) = sin A(sin(B + C) + sin(B — C))
= sin A(2sin B cos C') = 2sin Asin B cos C.

8. cos? A+ cos’? B+ cos?C =1—2cos Acos BcosC

1 24 1 2B
LHS = + C;S + + C;)S + cos’C

1
=1+ 5(608 2A + cos2B) + cos® C = 1+ cos(A + B) cos(A — B) + cos> C
=1—cosCcos(A— B) +cos’C =1— cos C(cos(A — B) — cos C)
=1—cosC(cos(A — B) 4+ cos(A+ B)) =1 — cosC(2cos Acos B)
=1—2cos Acos B cosC.

9. cos? A+ cos? B —cos?C =1 — 2sin Asin B cos C

1 24 1 2B 1
LHS = +C208 + +C§S —cos’C = 1—|—§(COSQA—|-COSQB) —cos’C

=1+cos(A+ B)cos(A— B) —cos®>C =1 — cos C cos(A — B) — cos> C
=1—cosC(cos(A— B)+cosC) =1—cosC(cos(A— B) —cos(A+ B))
=1—cosC(2sin Asin B) =1 — 2sin Asin B cos C.

Solution for 10-13:

.9 A . 9B 920 _ A B C
10. sin® £ +sin* & +sin? § = 1 — 2sin £ sin 5 sin §
1-— A 1-— B C 1 C
LHS = ZOS + (;OS —|—sin2§:1—§(cosA—|—cosB)—|—sin2§
] A+ B A—B+_QC 1 . C A—B+,ZC
=1— cos cos sin® — = 1 — sin — cos sin® —
2 2 2 2 2 2
. A—-B . C . C A-B A+ B
:1—8111(608 —s1n> :1—s1n<cos — CoS )
2 2 2
C A B A B C
zl—sin2(251n28in2):1—2511123111281112.
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11. sin2§+sin2§—sin2%:1—2005%008%8111%
1-— A 1-— B C 1 C
LHS = ;OS + (;OS —Sin2§:1—§<COSA—|—COSB)—SHI2§
1 A+ B A—B ., C 1 . C A—B ., C
=1- —sin“ — =1 —sin — — sin® —
Cos 5 CoSs 5 S 5 S 2cos. 5 S 5
. C A—B . C . C A—-B A+ B
zl—sm(cos +s1n> :1—s1n<cos + cos )
2 2 2 2 2 2
A B C
zl—sin2(2(3082(:082)21—26032c08251n2.

12. tangtang+tan§tan%+tam%tan§ =1 Since A+ B+ C = 7, we have é%—g :g—%
tan of both sides:

A B T C C
tan<+> :tan<—> = cot —
2 2 2 2 2

tan(A/2) +tan(B/2) 1
1 —tan(A/2)tan(B/2)  tan(C/2)

Cross-multiply:

C A B A B
tan — (tan—i—tan) =1—tan — tan —
2 2 2 2 2

C

san Y tan € 1 tan 2t 1 tan ¢
n — tan — n—tan — =1 — tan — tan —
any tan Ly mian o tatly an g tans,

. . o - A B B c c A _
Rearranging gives the required identity: tan 5 tan 5 + tan 5 tan 5 + tan 5 tan § = 1.

13. cot % + cot g + COt% = cot g cot g cot% Start with % + g = g — % Take cot of both sides.
. (A N B) ‘ (w C) ; C
—_ _ — —_ — n—
co i i co D) a i
cot(A/2)cot(B/2) =1 1

cot(A/2) +cot(B/2)  cot(C/2)

Cross-multiply:

tC< tA tB 1>— tA+ tB
(:02c302co2 —002(302

B
cot — cot — cot — — cot — = cot — + cot —
2 2 2 2 2 2

o . o . . . A B C _ A
Rearranging gives the required identity: cot 5 + cot 5 + cot 5 = cot 5 cot 5 cot
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