HI EVERYONE,

THE REAL LEARNING IN MATHEMATICS HAPPENS WHEN YOU ACTIVELY ENGAGE WITH A PROBLEM,
EXPLORE DIFFERENT METHODS, AND WORK THROUGH CHALLENGES. THEREFORE, WE STRONGLY
ENCOURAGE YOU TO USE THIS SOLUTION KEY RESPONSIBLY.

PLEASE ATTEMPT ALL THE PROBLEMS ON YOUR OWN FIRST, GIVING THEM YOUR BEST AND MOST
HONEST EFFORT. THESE SOLUTIONS ARE TO HELP YOU GET UNSTUCK ON A PROBLEM AFTER YOU
HAVE ALREADY TRIED YOUR BEST.

YOUR EFFORT AND DEDICATION ARE THE TRUE KEYS TO SUCCESS.

[ Topic: Quadratic Equation j

Sub: Mathematics Assignment: Solution Prof. Chetan Sir

1. The value of p and q (p # 0,9 # 0) for which p, q are the roots of the equation
2? +pr+q =0 are:

(A)p=1,q=2 B)p=-1,q=
(C)p=—-1,g=-2 D)p=1,qg=-2
Solution:

Given the equation is 22 + px + ¢ = 0.
The roots of the equation are p and q.

From the properties of quadratic equations (Vieta’s formulas):
e Sum of roots: p+q=—-p = 2p+q=0 ---(i)
o Product of roots: p-qg=gq --- (i)

From equation (ii), since it is given that ¢ # 0, we can divide both sides by g.

Pg=q
p=1.

Now, substitute the value p = 1 into equation (i).

2(1)+¢ =
q=—2.
The values are p =1 and ¢ = —2.
The correct option is (D).

2. If the roots of the equation _“- + ﬁ = 1 are equal in magnitude and opposite in sign,
then:

(A)a—b=0 B)a+b=1
(C)a—0b=1 (D)a+b=0
Solution:

First, we simplify the given equation into the standard quadratic form Az? + Bx + C = 0.

a(x —b) +b(x —a) = (x —a)(z — b)

ar —ab + bx — ab = 2% — bx — ax + ab



Now, group the terms and move them to one side.

2% — ar — bz + ab — (ax + bx — 2ab) = 0
2® — (a+b)x — (a+b)x + ab+ 2ab =0
2 —2(a +b)x +3ab=0

The condition that roots are equal in magnitude and opposite in sign (e.g., & and —«) means their sum
is zero.

Sum of roots = a + (—a) = 0.

From our derived quadratic equation, the sum of the roots is —B/A.

—2(a+10)

Sum of roots = — ]

=2(a+0).
Equating the two expressions for the sum of roots:
20a+b)=0 = a+b=0.

The correct option is (D).

3. If ay,as, ...,a, € R then (z —a1)>+ (z —az)? + - - - + (v — a,)* assumes its least value at r =

(A) ar+as+---+a,
(B) 2(a1+a2+~ ' '+6Ln)
(C) n(ay +az+---+ay,)
(D) none of these

Solution:
Let the given expression be S(z) = Y% (z — a;)*. To find the minimum value of this expression, we
can expand it to see that it is a quadratic function of z.

i=1
This is a quadratic equation in the form Ax? + Bx + C, where A =n, B= -2 a;, and C = ¥ a?.
Since A = n > 0, the parabola opens upwards, and its minimum value occurs at the vertex, r =

—B/(24).

T = __Q(Z?zlai) 216 aptagt .. tay
2n n n :

The least value occurs when x is the arithmetic mean of aq,as,...,a,. This result does not match
options (A), (B), or (C).
The correct option is (D).

4. Number of values of k for which roots of equation z? — 3z + k = 0 lie in the interval (0,
1) is:



(A) only one (B) no value
(C) finite but more than one (D) k<2

Solution:
For both roots of a quadratic f(z) = Az? + Bx + C to lie in an interval (ki, k2), three conditions must
be met:

1. The discriminant must be non-negative: D = B? —4AC > 0.
2. The vertex of the parabola must lie between ki and ky: k; < —B/(2A) < ko.
3. The value of the function at the interval boundaries must have the same sign as A.

Here, f(z) = 2> — 3w+ k,s0 A=1, B= -3, C = k. The interval is (0,1). Let’s check the necessary
conditions.

Condition 2: Location of Vertex

The x-coordinate of the vertex is given by x = —B/(2A).

For the roots to lie in (0, 1), the vertex must also lie in (0,1). We must check if 0 < 3/2 < 1. The
inequality 3/2 < 1 is false. Since a necessary condition is not satisfied, it is impossible for both roots
to lie in the interval (0, 1). Therefore, there are no values of k for which this condition holds.

The correct option is (B).

5. If the roots of the equation 22% — (a® + 1)z + (a® — 2a) = 0 are of opposite signs, then the
set of possible value of a is:

(A) (0,2) (B) [0,2]
(C) (-00,0) U (2,00) (D) (-2,0)
Solution:

The condition for the roots of a quadratic equation to be of opposite signs is that their product is
negative. For a quadratic Az? + Bz + C = 0, the product of roots is given by C/A.

Product of roots < 0

a’ — 2a
<0
2
a’—2a <0
ala—2)<0

Thus, the solution is 0 < a < 2.
The correct option is (A).

6. The value of a for which the equations 2> — 3z +a = 0 and 2? +ax — 3 = 0 have a common
root is:

(A)3 (B) 1
(C) -2 (D) 2
Solution:

Let the common root be a. Then a must satisfy both equations.

o?—3a+a=0 ---(1)
o> +ax—3=0 ---(2)



Subtracting equation (2) from (1) to eliminate the o? term:

(@® —3a+a) — (a®+aa—3)=0
—3a—aa+a+3=0
—B+a)a+(a+3)=0
(a+3)(1—a)=0

This gives two possibilities: a +3=0or 1 —a = 0.

e Case 1: a +3 =0 = a = —3. If a = —3, both equations become 2% — 3z — 3 = 0. They are
identical and thus have two common roots. This is a valid solution.

e Case2: 1—a=0 = «a=1. If the common root is 1, substitute it into either equation. Using
equation (1):

(1)2—3(1)+a:O
1-34+a=0 — a=2.

Both a = —3 and a = 2 are possible values. Since a = 2 is one of the options, we choose it.
The correct option is (D).

7. The value of a for which one root of the equation 2> — (a + 1)z + a> + a — 8 = 0 exceeds 2
and other is less than 2, are given by:

(A)3<a<10 (B) a > 10
(C) —2<a<3 (D) a< -2
Solution:

Let f(z)=2*—(a+ 1)z +a*+a—38.

The condition that one root is greater than 2 and the other is less than 2 means that the number 2 lies
between the roots.

For a quadratic Az? + Bx +C = 0 with A > 0 (an upward-opening parabola), a number k lies between
the roots if and only if f(k) < 0. Here, A =1 > 0, so the condition is f(2) < 0.
f2) =22 —(a+1)2)+a*+a—8<0
=4—-2a—2+a’+a—8<0

=a’—a—-6<0

We factor the quadratic inequality:
(a—3)(a+2)<0

The critical points are a = 3 and a = —2. The expression is negative between these points. So, the
solution is —2 < a < 3.
The correct option is (C).

8. If x be real and y = % then which of the following is true:

(A)2<y<4 B)2<y<?
(C) either y <2ory >4 (D) none of these
Solution:



We rearrange the given equation to form a quadratic in the variable z.

20y = 2% + 62 + 1
2?4+ 62 — 22y +1=0
P+ (6-2y)r+1=0

Since z is a real number, the discriminant (D) of this quadratic equation must be greater than or equal
to zero (D > 0).

D = B*—4AC >0
= (6—2y)* —4(1)(1) > 0
=43 —-9)*—-4>0

=@B-y?-120

=B-y—-1)B—-y+1)>0 [Using a®> — b? = (a — b)(a + b)]
=(2-y)d-y) =0

=(y=2)(y-4) =20

This inequality holds when both factors are non-negative or both are non-positive. This occurs when
y < 2 or y > 4. This defines the range of possible values for y.
The correct option is (C).

9. Number of real solutions of the equation (12z — 1)(6z — 1)(4x — 1)(3x — 1) =5 are:

(A) 0 (B) 2
(C) 1 (D) 4
Solution:

Rearrange the multiplication.

(122 — 1)(3x — 1)] - [(6 — 1)(4z — 1)] =5
(3622 — 150 +1) - (242> — 10z +1) =5

Factor out common terms to reveal a hidden structure.
[3(122% — 5z) + 1] - [2(122° — 52) +1] =5
Let y = 122? — 5x. The equation becomes a quadratic in y.

By+1)2y+1)=5
6y° +5y+1=>5
6y> +5y —4=0
Solving for y by factoring: 6y*+8y—3y—4 =0 = 2y(3y+4)—1(3y+4) =0 = (2y—1)(3y+4) = 0.
This gives two possible values for y: y = 1/2 or y = —4/3.
« Case 1: y=1/2.
1222 — 5z = 1/2 = 242? — 102 — 1 = 0. Discriminant D = (—10)? — 4(24)(—1) = 100 + 96 =
196 > 0. This gives two distinct real solutions for x.
o Case 2: y=—4/3.

1222 — 5z = —4/3 = 362% — 152 + 4 = 0. Discriminant D = (—15)? — 4(36)(4) = 225 — 576 =
—351 < 0. This gives no real solutions for z.



In total, there are two real solutions.
The correct option is (B).

10. If o, 3 are the roots of az? — 2bx + ¢ = 0 then o3 + o233 + o352 is:

(A) =) (B) b
(C) Z—i (D) none of these
Solution:

From the given equation, we find the sum and product of roots.
o Sum of roots: o+ = —(—2b)/a = 2b/a.
« Product of roots: af = c¢/a.
Now, we simplify the given expression by factoring out common terms.
Expression = 3% + o3 + o 52

= (af)’ + *B*(B + )
= (aB)’ + (aB)*(a + B)

Substitute the values for the sum and product of roots.

c\?3 c\? [ 2b

SORGIE

a a a
26 A +207 e+ 2D)

asd as a3 a3

The correct option is (A).

11. The equation x1(920)*+og2e=3 — /3 has:

(A) atleast one real solution (B) exactly two irrational solutions
(C) exactly one rational solution (D) complex roots
Solution:

To solve this exponential equation, we take the logarithm with base 2 on both sides.
log, (x%(logzxﬂ—{—logm—%) _ 10g2(\/§)

Using the log property log(a®) = blog(a):
3 5 1
<4<10g2 7)? + logy & — 4) log, = = log,(2Y/?) = 3"

Let y = log, x. The equation becomes a polynomial in .

Cry-)y-!
YTV Ty
(3y* +4y — 5y =2 [Multiplying both sides by 4]
3y +4y* —5y—2=0
We test for integer roots that are divisors of -2 (i.e., £1, £2).
Fory =1: 3(1)> +4(1)>-=5(1) —2=3+4—-5-2=0. So, (y — 1) is a factor.



Factoring the cubic polynomial:

(y—1DBy*+7y+2)=0
(y—1)By+1)(y+2)=0

The solutions for y are y = 1, y = —2, and y = —1/3.

Now we find the corresponding values of z = 2Y.
e Ify=1 = logyz =1 = z =2! =2 (Rational).
o Ify=-2 = logyr =—-2 = x=2"2=1/4 (Rational).
e Ify=-1/3 = logyz = —1/3 = x =273 =1//2 (Irrational).

The equation has three distinct real solutions, including rational and irrational ones. Therefore, it has
at least one real solution.
The correct option is (A).

12. If the equation z? + 2|a|r + 4 = 0 has integral roots, then minimum value of ’a’ is:

(A) 4 (B) =35
(C)0 (D) -4
Solution:

Let the integral roots be r; and 5. From Vieta’s formulas:
e Product of roots: riry = 4.
« Sum of roots: 1 +ry = —2|al.

Since the roots are integers, the possible pairs for (ry,r9) are: (1,4),(—1,—4),(2,2), (-2, —-2).
We check the sum for each pair:

(1,4) = r1+ry=>5. Then 5 = —2|a| = |a| = —5/2. Not possible as |a| > 0.
(—-1,-4) = r; +ry=—5. Then —5 = —2|a| = |a| =5/2.

e (2,2) = 1 +ry=4. Then 4 = —2|a] = |a] = —2. Not possible.

(—=2,-2) = r; +ry=—4. Then —4 = —2|a| = |a| = 2.

The possible values for |a| are 5/2 and 2.

This means the possible values for a are £5/2 and +2.

The set of possible values for a is {—5/2, —2,2,5/2}.

The minimum value in this set is —5/2.

The correct option is (B).

13. If b > a, then the equation (z —a)(x —b) — 1 = 0 has:

(A) both roots in [a, b (B) both roots in (—o0, a)
(C) both roots in (b, o) (D) one root in (—oo, a) and other in (b, c0).
Solution:



Let f(z) = (x — a)(x — b) — 1. This is an upward-opening parabola since the coefficient of 2% is 1. We

can analyze the location of the roots by evaluating the function at the points x = a and x = b.
fla)=(a—a)(a—b)—1=0—-1=—1.
fo)y=b-a)(b—5b)—1=0—-1=—1.

Since the parabola opens upwards and its value is negative at both x = a and x = b, it must cross the

x-axis at two points.

Because f(a) = —1 < 0, the function must cross the x-axis at a point z; < a.

Because f(b) = —1 < 0, the function must cross the x-axis at a point xo > b.

Therefore, one root is in (—o0,a) and the other root is in (b, 00).

The correct option is (D).

14. The number of integral values of ’a’ for which (a+2)z?+2(a+ 1)z +a = 0 will have both
roots integers is:

(A) 3 (B) 5

(C) 7 (D) none of these

Solution:

Let’s check for an obvious root by substituting simple values for x. Let’s try x = —1.

(a+2)(=1)*+2(a+1)(-1)+a=(a+2) —2(a+1) +a
=a+2—-2a—24+a=0.

So, one root is always o = —1, which is an integer.

Let the other integer root be .

From Vieta’s formulas, the product of roots is aff = 1.

6:_

a+2

Since [ must be an integer, we can rewrite the expression for (.

2—2 2 2
5:—“:—(1— >: 1
a—+2 a—+ 2 a+2
So, B+1= a% For (3 to be an integer, 4+ 1 must also be an integer. This means (a + 2) must be an

integer divisor of 2. The integer divisors of 2 are {1, —1,2, —2}.
e Ifa+2=1 = a= —1. (Integer)
e Ifa+2=—-1 = a= —3. (Integer)
e Ifa+2=2 = a=0. (Integer)
e Ifa+2=-2 = a= —4. (Integer)

The possible integral values for 'a’ are {—1,—3,0,—4}. This is a total of 4 values.

The correct option is (D).



15. If the equation (2? + 2 +3)> = (A —4)(z* + 2+ 3)(2* + 2+ 2) + (A—5)(2* + 2+ 2)* = 0 has at
least one real solution. Then find [}].

Solution:
Let y = 2? + 2 + 2. Then the expression 22 +x 4+ 3 =y + 1.

First, we find the range of possible values for . The quadratic 224z +2 is an upward-opening parabola
with its minimum value at the vertex z = —1/2.

Minimum value of y = (=1/2)* + (=1/2) +2=1/4 - 1/2+2 = 7/4.
So, for any real solution =, we must have y > 7/4. Substitute y into the given equation:
(Y+1)° =AM =4yly+ 1)+ A =5y =0

Expand and group terms by powers of y.

WV +2y+1) = A=4)(y* +y) + (A= 5)
YA-A=4H+A=5)+y2-(A—-4)+1
V1 —A+4+X-5)+y2—A+4)+1
y*(0) +y(6 — )+1

y(6 —A) =

[
o o o o

If A =6, we get 0 = —1, which is impossible. So A # 6.

-1 1
6-\ \A—6

y:

For the original equation to have a real solution in z, we need a valid solution for y. We established
that y > 7/4.

1

—_— >
A—6 "

>~ =3

For the fraction to be positive (since 7/4 is positive), the denominator must be positive. So, A — 6 >
0 = A > 6. Now we can cross-multiply without flipping the inequality sign.

4>7(A—6)
4>TN—42
46 > TA

46
A< 2

7

Combining the conditions, we get 6 < A < 46/7. Since 46/7 =~ 6.57, the range for A is (6,6.57]. The
question asks for the value of [A], the greatest integer function. For any value of A in this range, [A] = 6.
The answer is 6.

16. The number of real solutions of 1 + |e* — 1| = e*(e* — 2) is

Solution:
Let y = €®. Since x is real, the range of y is y > 0. The equation becomes:

1+ly—1=yly—2)=y*—2y

We consider two cases based on the absolute value expression.



e Case 1: Assume y — 1 >0 = y > 1. In this case, |y — 1| = y — 1. The equation becomes:

I+ (y—-1)=y"—2
y=y"—2
Y —3y=0 = y(y—3)=0

The potential solutions are y = 0 and y = 3. We must check these against the conditions for this
case (y > 1). y = 0 is not valid. y = 3 is valid. If y = 3, then ¢* =3 = x = In3. This is one
real solution.

e Case 2: Assumey—1<0 = 0<y <1 Inthiscase, [y—1] = —(y—1) =1—y. The
equation becomes:

1+(1—y) =y -2y
2—y=y>—2y
Y -y—2=0= (y—2)(y+1)=0

The potential solutions are y = 2 and y = —1. Neither of these values satisfy the condition for
this case (0 <y < 1). So there are no solutions from this case.

Combining both cases, there is only one real solution, x = In 3.
The answer is 1.

17. If o is a positive integer and the roots of the equation 622 — 11z + o = 0 are rational
numbers, then the smallest value of « is:

Solution:
For the roots of a quadratic equation to be rational, the discriminant (D) must be a perfect square of
a rational number. Since the coefficients are integers, D must be a perfect square of an integer.

D = B* —4AC = (—11)* — 4(6)(a) = 121 — 24a.
Let D = k? for some non-negative integer k.
121 — 24a = k?

Since « is a positive integer, 24« is positive. Therefore, k* < 121, which means k& < 11. Also,
121 — k? = 24«. This implies that 121 — k? must be a positive multiple of 24. We test integer values
for k from 0 to 10.

e k=0 = 121 — 0 =121 (Not divisible by 24)

e k=1 = 121 — 1 =120. 120 = 24 x 5. This is a valid multiple. Here, 24a = 120 — a = 5.
e k=2 = 121 — 4 = 117 (Not divisible by 24)

e k=3 = 121 —9 =112 (Not divisible by 24)

e k=4 = 121 — 16 = 105 (Not divisible by 24)

e k=5 = 121 — 25 =96. 96 = 24 x 4. This is a valid multiple. Here, 240 = 96 — « = 4.

e k=6 = 121 — 36 = 85 (Not divisible by 24)

o k=7 = 121 —49 =72. 72 = 24 x 3. This is a valid multiple. Here, 240 = 72 — a = 3.

10



The possible positive integer values for a are 5, 4, and 3. The smallest of these values is 3.
The answer is 3.

18. If a # 0 then the number of values of the pair («, () such that o + 5 + g = % and
(a+B)E =—1is:
Solution:
Let X = a+  and Y = §/a. The given equations are:
X+Y=1/2 ---(1)
X-Y=-1/2 ---(2)

Consider a quadratic equation with roots X and Y: ¢? — (Sum of roots)t + (Product of roots) = 0.
2 —(1/2)t—1/2=0
20—t —1=0
2t+1)(t—-1)=0
The solutions are t = 1 and ¢ = —1/2. This gives two possible cases for the pair (X,Y).

e Case1: X =1land Y =—1/2.
a+p=1and f/a=-1/2 = [ = —a/2. Substituting [ into the first equation: o — /2 =
1 = «a/2=1 = a=2. Then f = —2/2 = —1. This gives one pair (o, 3) = (2, —1).

e Case 2: X =—1/2and Y = 1.
a+p=-1/2and f/aa =1 = [ = «. Substituting /3 into the first equation: a+a = —-1/2 —
20 = -1/2 = a = —1/4. Then 8 = —1/4. This gives a second pair («, §) = (—1/4,—1/4).

There are two possible pairs for (o, 3).
The answer is 2.

19. Suppose a and b are real numbers with ab # 0. If the three quadratic equations
?+ar+12=0, 22+ br+15 =0, and 2%+ (a+b)z + 36 = 0 have a common negative root then
af + o] = —..

Solution:

Let the common negative root be a. Then « satisfies all three equations.

o +an+12=0 ---(1)
2 +bat+15=0 ---(2)
o®+(a+ba+36=0 ---(3)

Add equation (1) and (2):
202 + (a+b)a+27=0 ---(4)
Now we have two equations involving (a + b): equation (3) and equation (4). Subtracting (4) from (3):

(@® + (a + b)a + 36) — (2a* + (a + b)a +27) = 0
—a’+9=0
?=9 = a=43.

11



Since the common root is negative, we must have &« = —3. Now substitute a = —3 back into equations

(1) and (2) to find a and b.

From (1): (=3)*+a(-3)+12=0 = 9-3a+12=0 = 3a=21 = a=71.
From (2): (=3)*4+b(=3)+15=0 = 9-3b+15=0 = 3b=24 = b=38.

We need to find the value of |a| 4 |b|.
la| + |b| = |7| +[8] =7+ 8 = 15.

The answer is 15.

,;2 Q7 )
20. The number of integral values of C for which herte can take all real values is:
x? +4x 4 3¢
Solution:
12 Tr—+C
Let Y= x2—:42a:—§J—r30'

For y to take all real values, the quadratic equation formed by cross-multiplication must have real roots
for all y € R (except possibly one value if the coefficient of 2% becomes zero).

y(x® +4r +3c) = 2> + 22+ ¢
yz? + dyx + 3yc = 22 + 22 + ¢
(y —Da*+ (4y —2)x+ Byc —¢c) =0

For x to be real, the discriminant D > 0.

(4y —2)* —4(y = D)(Byc —¢) > 0
42y —1)° —4e(y - 1By —1) 2 0
(4y* =4y +1) —c(3y* =4y +1) >0
(4—3c)y* +(dc— 4y + (1 —¢c) >0

For this quadratic in y to be always non-negative, two conditions must hold:
1. The leading coefficient must be positive: 4 — 3¢ >0 = 3c <4 = ¢ < 4/3.

2. The discriminant of this quadratic in y must be non-positive: D, < 0.

Dy,=(4c—4)* —4(4-3c)(1-¢) <0
16(c —1)> —4(4 —Tc+3c¢*) <0
4 —2c+1) — (4 —Tc+3c*) <0
4 —8c+4—44+T7c—3c2 <0
A —c<0
cle=1)<0

This inequality holds for 0 < ¢ < 1. We must satisfy both conditions: ¢ < 4/3 and 0 < ¢ < 1. The
intersection is 0 < ¢ < 1. The integral values of ¢ in this range are 0 and 1. The number of integral
values is 2.

The answer is 2.

21. If o and f3 are the roots of the equation 22 — az +b = 0 where a = 2020 and A,, = o™ + 37,
then (An-i-l + bAn,—l)/An is:

12



Solution:
Since a and 3 are roots of 22 — ax + b = 0, they satisfy the equation.

a?—aa+b=0 = a®’=aa—"b
2—af+b=0 = [ =aB—b

We can establish a recurrence relation for A,. Multiply the first equation by a”~!

Bn—l.

and the second by

o™ = aa" — ba™ !

6n+1 — aﬁn . bﬂnfl

Adding these two equations:

(an—i-l _{_Bn-i-l) — a(an _‘_ﬂn) _ b(CYn_l +Bn_1)
An—l—l = aAn - bAn—l

Rearranging this recurrence relation to match the expression we need to find:

An+1 + bAnfl = aAn
An+1 + bAn—l
An

We are given that a = 2020. The value of the expression is 2020.
The answer is 2020.

22. If a and 3 are the roots of the equation 2> — 22 + 3 = 0 then the sum of roots of the
equation having roots as a® — 302 + 5o — 2 and 32 — 32 + 3 + 5 is:

(A)1 (B) 3
(C) 5 (D) 7
Solution:

Since « is a root of 22 — 2z + 3 = 0, we have a® — 2a + 3 = 0, which means o = 2a — 3. Let the new
roots be P and @). Let’s simplify P and Q.

P=a’—3a*+5a —2
= a(a®) — 3a® + ba — 2
=20 — 3) — 3(2a — 3) + ba — 2
=2a® — 3a —6a + 9 + Ha — 2
=20° —4da+7=2(a®—2a)+ 7

From the original equation, a? — 2o = —3.
P=2(-3)+7=1.
Now, simplify Q. Since 3 is also a root, 3> — 28 +3 =0, so 32 = 23 — 3.

Q=03 -5 +5+5
=B(B%) =B+ B+5
=p(268-3)—-(28-3)+B+5
=28°-38-28+3+8+5
=26% 48 +8=2(B*—2B) +8
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From the original equation, 3% — 23 = —3.
Q=2(-3)+8=2.

The new roots are P =1 and () = 2. The sum of the new roots is P+ Q =1+ 2 = 3.
The correct option is (B).

23. A value of b for which the equations 22 + bz — 1 =0 and 2? + 2 + b = 0 have one root in
common is:

(A) —v2 (B) —iv/3
(C)iv5 (D) v2
Solution:

Let the common root be «.

o +ba—1=0 ---(1)
AH+a+b=0 ---(2)

Subtracting (2) from (1):
(ba —1) — (e +b) =0
bo —a—-1-b=0
ab—1)=b+1

If b = 1, the equations are 2> + z — 1 = 0 and 2% + 2 + 1 = 0, which have no common root. So b # 1.

Substitute this value of a into equation (2):

b+1\° [b+1
<b—1> *(w)*bzo
(b+1)2+b+1)b—-1)+bb-1)*>=0
(B> +20+1)+ B> — 1) +b(b* —2b+1) =0
20% +2b+b* — 20> +b =0
b +3b=0
b(b*> +3) =0

This gives b = 0 or b* = —3.

If b = 0, the equations are > — 1 = 0 and 2% + z = 0. Roots are (1) and (0, —1). The common root
is —1. So b = 0 is a possible value.

If b = —3, then b = +i\/3.

The option given is —iv/3.
The correct option is (B).

24. If o, 3 are real and o?, 3? are the roots of the equation a?2> —2+1—a? =0 and 3% # 1
then 3% =

(A) a? (B) 45
(C)1—a? (D) 1+ a?



Solution:
Let the roots of a?r? — x + (1 — a®) = 0 be r; = o? and ro = 3%. From Vieta’s formulas:

Sum of roots: o® + % = —(—1)/a* = 1/a*
Product of roots: a?f? = (1 — a?)/a?

Let’s check if x = 1 is a root of the given equation.
(1) - () +1-a*=a*~1+1-a*=0.

So, one of the roots is 1. Let o® = 1. Since 32 # 1, we have found one root. The other root, 3%, can
be found from the product of roots.

1—a?
272
o pt = "
1—a?
2 _
(1)5_ CL2
1—a?
2 _
6— CL2

The correct option is (B).

25. If one root of the equation (I —m)z? + lx + 1 =0 is double the other and [ is real, then
what is the greatest value of m?

(A) -2 (B) 3
(© -3 D)
Solution:

Let the roots be a and 2«a.. From Vieta’s formulas:

Sum of roots: o + 2o = 3¢ = —

T
3

Product of roots: a(2a) = 202 =

From (1), a = —%m). Substitute this into (2).

30
2
N 1
3(l—m) l—m

, B
9 —m)2 I—m

Since [ is real, the roots are real, so [ —m # 0. We can cancel one factor of (I —m).

212
——
9(l —m)
21> =9(1 —m)
20> =91 — 9m

We need to find the greatest value of m. Let’s express m in terms of [.
Im = 9l — 21

2
m=1—=?
9
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This is a downward-opening parabola in terms of [. Its maximum value occurs at the vertex.

The vertex of f(I) = —=21> + [ is at | = —B/(2A).

1 19

l:

S 2(=2/9)  4/9 4

The maximum value of m is found by substituting this value of [ back into the expression for m.

e 4 9\4 4  91\16 4 8 8 8
The correct option is (B).

26. If o # 8 but o? = 5a — 3 and 3% = 53 — 3 then the equation having % and 2 as its roots

is:
(A) 322 — 192 +3=0 (B) 322 + 192 — 3 =0
(C) 322 —192-3=0 (D) 2> =52 +3=0
Solution:

The conditions o> = 5a — 3 and 3% = 53 — 3 mean that o and 3 are the distinct roots of the quadratic
equation 22 — 5z + 3 = 0. From this equation, we have:

e Sum of roots: a+ 3 =5.
o Product of roots: af = 3.

The new equation has roots r; = a/f and ro = 3/a. We find the sum and product of these new roots.

2 | 32
Sum of new roots = g—i—é =2 5
g« af
(48?208 (5°-2(3) 25-6 19
B af B 3 -3 3
Product of new roots = (a) <B> =1
B) \«a
The new quadratic equation is z? — (Sum)z + (Product) = 0.
19
2? — S +1=0
32* — 19z 4 3 = 0.
The correct option is (A).
27. The real roots of the equation z? + 5|z| + 4 = 0 are:
(C) {—4,4} (D) None of these

Solution:
Let y = |x|. Since |z| is always non-negative, we have y > 0. The equation can be written in terms of

y:

Y +5y+4=0
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We can factor this quadratic equation.
(y+4)(y+1)=0

The solutions for y are y = —4 and y = —1. However, we have the condition that y = |z| > 0. Neither
of these solutions satisfy this condition. Therefore, there are no real values of x that can solve the
equation.

The correct option is (D).

28. Consider f(z) =2* -3z +a+ %, a € R— {0}, such that f(3) >0 and f(2) <0. If « and
are the roots of equation f(z) =0 then the value of o? + 3? is equal to:

(A) greater than 11 (B) less than 5
(C)5 (D) depends upon a and cannot be determined.
Solution:

Let’s analyze the given conditions.
f3)=3"-3B3)+a+1/a=9-9+a+1/a=a+1/a>0.
f2)=2"-32)+a+1/a=4—-6+a+1/a=a+1/a—2<0.

From f(2) <0, we have a +1/a < 2.

The only way a + 1/a < 2 for a € R is if a is positive and a 4+ 1/a = 2, or if a is negative.

If a >0, by AM-GM, a + 1/a > 2. So the only possibility is a + 1/a = 2, which means a = 1.

If a <0, let a = —k where k > 0. Then —k — 1/k = —(k+ 1/k) < —2. This satisfies a + 1/a < 2.

The condition f(3) > 0 means a+ 1/a > 0, which is only possible if a > 0. So, the only value of a that
satisfies both conditions is a = 1.

The equation becomes f(z) =2*> =3z +1+1/1 =2 -3z +2=0.
The roots «, # are from (z — 1)(x — 2) = 0, so the roots are 1 and 2.

We need to find o? + 2.
o+ 5° =17 +2* =5.

The correct option is (C).

29. Ify:2—|—4+ L, then:

44...00
(A)y=6 B)y=5
(C)y =6 (D) y =5
Solution:
Let the continued fraction part be z.
1
2=4+ ——F—
4 + 4+...00

We can see that the expression repeats, so we can write a recursive equation.

1
z=44 -
z

Multiply by z to form a quadratic equation.

22 =4z+1
2 —42-1=0
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Using the quadratic formula to solve for z:

() (-2 -4(1)(-1) 4+ VT6Fd 4+
°T 2(1) - 2 -

2
2\/_0221\/5.

Since the continued fraction is a sum of positive terms, z must be positive. So, z = 2 + /5. Now
substitute this back into the expression for y.

1 1

Rationalize the denominator.

1 2—+/5 2 -5 25
-2 X -2+ -2+ =2 (2—-+5) =5.
Y 245 2—5 4-5 —1 (2-V5)=V5

The correct option is (D).

30. If the roots of ax? + bx + c = 0 are the reciprocals of those of (22 + mx +n = 0 then

(A)yn:m:1 B)l:m:n
(C)m:n:1 D)n:l:m
Solution:

Let the roots of lz2 + mx +n = 0 be o and . Then the roots of az? + bx + ¢ = 0 are 1/« and 1/0.
From the second equation: o+ f = —m/l and o = n/l. From the first equation:

1 1
Sum of roots: —+—:Oé+ﬁ:—

a f af

11 1
Product of roots: —= =

aB  af

Substitute the expressions from the second equation into the first.

QIO Q|

—m/l b —m b
= —

1

m
n/l a n a n
l
n

Qo o

L _C
n/l  a

From these two relations, we get b = “* and ¢ = %l So the ratio a : b : c is:

am al
non
Multiplying by n/a (assuming a,n # 0):
n:m:l

The correct option is (A).

31. For the equation |z?| + |z| — 6 = 0 the roots are:

(A) One and only one real number (B) Real with sum one
(C) Real with sum zero (D) Real with product zero
Solution:
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Since x? is always non-negative, |2*| = 2%, Let y = |z|, so y > 0. The equation becomes a quadratic in
Y.
2 —
Yy +y—6=0

Factoring the quadratic:

(y+3)(y—2)=0

The solutions for y are y = —3 and y = 2. Since y = || must be non-negative, we discard y = —3. We
are left with y = 2.

|z] =2 = x=2o0rz=-2.

The equation has two real roots: 2 and -2. Let’s check the options: (A) False, there are two roots. (B)
Sum is 2 4+ (—2) = 0. So, false. (C) Sum is 0. This is true. (D) Product is 2(—2) = —4. So, false.
The correct option is (C).

32. If a, 8 be the roots of the equation z?> — pr + ¢ = 0 then the equation whose roots are
a%(2 — B) and B*(Z£ — q) is:

(5 B85 —a) is:
Solution:
This question seems to have a typo in option (A). Let’s solve it from first principles. Let the new roots
be r; and ry.

r=a’ <a2—@2> _ o*(a — f)(a+ P)

E E
e P (52 —a2> _BB-a)B+a) _ Fla-B)a+p)

From the original equation, o + 8 = p and a3 = ¢q. Also, (o — 3)? = (a + )? — 4a3 = p* — 4q. So,

a—f=+p*—4q.

_a?pVp =g _ o’pVpP —4g

r = 6
q
py— VP A0 BV — g
a q

Sum of new roots:
p a—B)(e® +apf + 57
P 97 ) = PP ey

S:T1+T2:

2 _ 2 _
pVp 4q(a3_53):p pq 461(

Product of new roots:

_aPpVp’ —Aq BpVipP —dq
6] o

P = o = _p2<p2 - 4(])(045) - _p2Q(p2 - 4q)

p(p*—49)(p°—q)
q
qz® — p(p* — 4q)(p* — q@)x — p*¢*(p* — 4q) = 0. Comparing this with the options, option (A) seems

closest but has typos. Let’s re-read the option (A): gz — p(p? — q)(p* — 4q)x — p?¢*(p® — 4q) = 0. This
matches our derived equation exactly. The correct option is (A).

The new equation is 22 — Sz + P = 0. 2? — r — p?q(p® — 4¢q) = 0. Multiplying by ¢:
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