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51. In a cricket tournament 16 school teams participated. A sum of Rs. 8000 is to be awarded among
themselves as prize money. If the last placed team is awarded Rs. 275 in prize money and the
award increases by the same amount for successive finishing places, amount will the first place
team received is

(1) Rs.720 (2) Rs. 725 (3) Rs.735 (4) Rs.780
Solution:

Concept Used:

« Sum of an Arithmetic Progression (AP): S, = %[2a + (n — 1)d].
o The nth term of an AP: a,, = a + (n — 1)d.

Hint:

o The prize money forms an AP. Let the prize for the last team (16th place) be the first term
of the AP.

e Use the sum formula to find the common difference.

o Calculate the 16th term of this AP, which corresponds to the prize for the first-place team.

Let the prize money form an AP. It’s convenient to define the first term ’a’ as the prize for the last place
Number of teams, n = 16.

Prize for the last team (16th place), a = 275.

Total sum of prizes, Sig = 8000.

Let 'd’ be the common difference by which the prize money increases.

Using the sum formula for an AP:
Sp = g[Qa + (n —1)d].

8000 = 126[2(275) + (16 — 1)d].

8000 = 8[550 + 15d)].
1000 = 550 + 15d.
15d = 1000 — 550 = 450.

450
d=—=30.
15

The first place team receives the 16th term of this AP.
a6 =a+ (16 —1)d = a + 15d.

ajg = 275 + 15(30) = 275 + 450 = 725.

The first place team will receive Rs. 725.

The correct option is (2).



52. Let S7 be the sum of first 2n terms of an arithmetic progression. Let S; be the sum of first 4n
terms of the same arithmetic progression. If (Sy — S7) is 1000, then the sum of the first 6n terms
of the arithmetic progression is a x 10 then a is:

(1)1 (2) 2 (3) 3 (4) 4
Solution:
Concept Used:

e Sum of an AP.

o The difference Sy, — Sa, is the sum of terms from the (2n + 1) to the 4n'* term.
Hint:
o Express S, Si, and Sg,, using the formula S;, = §[2a + (k — 1)d].

o Use the given condition Sy, — S, = 1000 to find an expression relating n, a, d.

o Notice the structural similarity between the expression for Sy, — Ss, and Sg,.

Son = ?[2@ + (2n —1)d] = n[2a+ (2n — 1)d].
Sin = 42”[2a + (4n —1)d] = 2n[2a + (4n — 1)d].

Given Sy, — Sz, = 1000.

2n[2a + (4n — 1)d] — n[2a + (2n — 1)d] = 1000.
n[2(2a + 4nd — d) — (2a + 2nd — d)] = 1000.
nl[4a + 8nd — 2d — 2a — 2nd + d] = 1000.

n[2a + 6nd — d] = n[2a + (6n — 1)d] = 1000.

We need to find the sum of the first 6n terms, S, .

Sen = ?[2@ + (6n — 1)d].

Sen = 3n[2a + (6n — 1)d].

From our previous result, we know n[2a + (6n — 1)d] = 1000.
Sen = 3 x (1000) = 3000.

We are given Sg, = a x 10°.

a x 1000 = 3000 = a = 3.

The correct option is (3).



53. 51 =3,7,11,15, ..... upto 125 terms and S, = 4,7,10,13, 16, ..... upto 125 terms, then how many
terms are there in S; that are there in Sy7

(1) 29 (2) 30 (3) 31 (4) 28
Solution:

Concept Used:

e Properties of common terms of two APs.
e The common terms of two APs also form an AP.

e The common difference of the new AP is the LCM of the original common differences.
Hint:

o Identify the first common term.
e Find the common difference of the AP of common terms.

o Determine the last possible value for a common term by finding the last term of both se-
quences.

e Use the formula for the nth term to find the number of common terms.

For sequence Sy : First term a; = 3, common difference d; = 4.

For sequence S5 : First term as = 4, common difference dy = 3.

The first common term is clearly 7.
The common difference of the AP of common terms is d = LCM(dy, dy) = LCM(4, 3) = 12.
So, the sequence of common terms is an AP with first term a. = 7 and common difference d,. = 12.

The common terms are 7,19, 31, ...

Now, we find the last term of each sequence to set a boundary.
Last term of Sy : T4 = 3+ (125 — 1) x 4 = 3 + 124 x 4 = 3 4 496 = 499
Last term of Sy : Ta) = 4+ (125 — 1) x 3 =4 + 124 x 3 = 4 4 372 = 376.

Any common term must be less than or equal to min(499, 376) = 376.

Let the nth term of the common AP be 79 We need 79 < 376.
a.+ (n—1)d. < 376.

7+ (n—1)12 < 376.

(n—1)12 < 369.

369
-1 < — =30.75.
n S 30.75

n < 31.75.
Since n must be an integer, the maximum value of n is 31.

There are 31 common terms.

The correct option is (3).



54. If t, = 1(n+2)(n+3) forn =1,2,3, ........ ,then -+ L+ L+ ... + L=
2 3

t1 t2003
4006 4003 4006 4006
(1) 3006 (2) 5007 (3) 3008 (4) 3000
Solution:

Concept Used:

o Method of difference for summation (Telescoping series).

: Gpioo. 11 11
« Partial fraction decomposition: o@D — ba <,(‘A11 v,;])).

Given t,, = le(n +2)(n+ 3).

4
The term in the sum is — = .
tn,  (n+2)(n+3)

Using partial fractions, we can write:

(n+2;4(n+3) :4<n—1|—2_n41—3>'

The required sum S is:

2003 1 1
- Fi(ts i)
nz::l n+2 n-+3
2003 1 1
i
nz::ln—i—Q n—+ 3

This is a telescoping series. Let’s write out the terms:

11
Y
" (3 4)

11
Y
" (4 5)

1 1
—2003: A(— —
n =200 (2005 2006)

Adding these terms, all intermediate terms cancel out, leaving only the first and the last.
1 1
S=4-——=]).
(3 2006)

o4 <2006 — 3) ., (2003) |
3 % 2006 6018
8012 4006
6018 3009

The correct option is (4).



55. If (10)° + 2(11)1(10)® + 3(11)3(10)7 + ......10(11)? = k(10)° then k is equal to :

(1) 110 (2) 2 (3) 14 (4) 100
Solution:

Concept Used:
e Sum of an Arithmetico-Geometric Progression (AGP).
Hint:

o Let the given sum be S. Divide the entire equation by 10° to simplify the expression.
» Recognize the resulting series as an AGP.

o Use the standard method for summing an AGP: Let the sum be P, calculate P - rP, where r
is the common ratio.

Let the given sum be S = (10)° + 2(11)*(10)® + 3(11)(10)" + - - - + 10(11)°.
Divide the equation S = k(10)? by 10 :

b= 2 —1+211+3<11)2+ +10<11)9
109 10 10 10/ °

This is an AGP. Let z = 1(1) The series for k is:

k=142x+32"+---+102°. ---(1)
k= x+22% 4 +92° +102'0. - (2)

Subtract (2) from (1):
E(1-2)=0+z+2>+---+2°) — 102"

The term in the parenthesis is a GP with 10 terms.
10— 1

10219,
x—1 v

k(1 —x)=

Substitute back z = 11/10. Then 1 — 2z = —1/10 and x — 1 = 1/10.

(o) = ()

kg ((H)m - 1) ~10 (11)10.
10 10 10

kg (11>10 —10—10 (11)10.
10 10 10

k
- — = —10.
10

k = 100.

The correct option is (4).



56. If a1, as, as, ....as001 are terms of an AP such that 1+ 4+ ...+ : = 10 and as + a4900 = 50

aias asas : a4000a4001

then |a; — aqp01| is equal to
(1) 10 (2) 30 (3) 20 (4) 50
Solution:
Concept Used:

o Method of difference / Telescoping series.

e Properties of an AP.
Hint:

1 1(1 1
o Express the general term arar 8 g (ﬁ — a;m)‘

o Use the telescoping sum to simplify the first given equation.

o Use the property as + a4000 = @1 + G4001-

1

Q41

Let d be the common difference of the AP. The general term of the sum is
il ma () -G -an)
QA1 d \ arag41 d QpQp+1 d \ a Q41 '

The given sum is a telescoping series:

4000 4000
1 1 1 1

=1 @k d

1 1 1 1 1 1 1
=5l o) ()]
d ai ag a2 a3 4000 Q4001

1 /1 1 1 —
S:(— >:<a4001a1):10
d \ay a4001 d a1a4001
We know Q4001 — A1 = (4001 — ].)d = 4000d.

1 ( 4000d 4000

a1Qa4001

> =10 = =10 = aja4901 = 400.

d

a10a4001

Also given, as + a4000 = 50.

For an AP, ay + aap00 = a1 + @apo1- S0, a1 + asgo1 = 50.

We need to find |a; — a4001]-

We use the identity (z — y)? = (2 + y)* — 4ay.
(@001 — a1)2 = (a1 + a4001)2 — dayas001-

(ag001 — a1)? = (50)% — 4(400) = 2500 — 1600 = 900.
|ag001 — a1| = /900 = 30.

The correct option is (2).



57. Let a, ar, ar?, be an infinite G.P. If >-°° jar™ = 57 and Y202 a®r®" = 9747, then a+18r is equal to:
(1) 46 (2) 38 (3) 31 (4) 27
Solution:

Concept Used:

e Sum of an infinite GP: S, = % for |r| < 1.
First sum: »_ ar”" = @ —57 ... (1).
n=0 L=
00 00 3
Second sum: Y a*r®" =" (ar")? = 1 ¢ 5 = 9747 -+ (2).
n=0 n=0 -r

From (1), a = 57(1 —r).

3
Substitute this into the cube of equation (1): (1 ¢ ) = 57°.
—r
“ s = 571 - r)°
A—rp = a’ = r)°.

Substitute this expression for a® into equation (2):
573(1 —r)?
5 - 9747.
573(1 —r)?
(I—=r)(1+7+1r2)
(1—r)
, (I—r)* 9747
l4+r+r2 57

1— 2 42
30490 AT oy
1+7r+r?

32491—27“—1—7‘2_1 . 191—27“—1—7"2_1
171 1+r+712 1+r+r2

19(1 = 2r +7%) =147+ 17

19— 38r +19r° = 1 +r 41>,

18r* — 39r + 18 = 0.

6r* — 13r +6 = 0.

(2r —3)(3r —2) =0.

r=3/2orr=2/3.

For an infinite GP sum to converge, |r| < 1, so we must have r = 2/3.

= 9747.

573 = 9747.

57 =171.

Now find a using equation (1):
a=57(1—r)=57(1—2/3) = 57(1/3) = 19.

The required value is a + 187 = 19 + 18(2/3) = 19 4+ 12 = 31.

The correct option is (3).



58. Given that a4 + ag + a2 + a1 = 224, the sum of the first nineteen terms of the arithmetic progres-

sion aq, as, as, ... is equal to:
(1) 1540 (2) 1064 (3) 3125 (4) 1980
Solution:

Concept Used:
e Properties of an AP, specifically that the sum of terms equidistant from the beginning and
end is constant.

« Sum of an AP: S, = %[2a + (n — 1)d].
Hint:

o Express the given sum in terms of the first term 'a’ and common difference 'd’.
o Simplify the expression to find a value for a 4+ 9d, which is the 10th term.

o Use this value in the formula for Si,.

Let the AP have first term ’a’ and common difference ’d’.
Given: a4 + ag + ayo + a1 = 224.

(a+3d) + (a + 7d) + (a + 11d) + (a + 15d) = 224.

da+ (34 7+ 11+ 15)d = 224.

4da + 36d = 224.

Divide by 4:

a + 9d = 56.

Note that a + 9d is the 10th term, aqo.

We need to find the sum of the first 19 terms, Sig.
19 19
19

Substitute the value of a + 9d :

519 =19 x 56.
Sio =19 x (50 + 6) = 950 + 114 = 1064.

The correct option is (2).



59. The sum of the first 20 terms common to the series 3+7+11+15+...and 1 +6+ 11+ 16+ ... is:
(1) 4000 (2) 4200 (3) 4220 (4) 4020
Solution:

Concept Used:

e Common terms of two APs form a new AP.

e The common difference of the new AP is LCM of the individual common differences.
Hint:

o Find the first common term by inspection.

e Find the common difference of the AP of common terms.

e Use the sum formula for an AP to find the sum of the first 20 common terms.

First series (S1): 3,7,11,15,... is an AP with a; = 3,d; = 4.
Second series (S2): 1,6,11,16,... is an AP with ay = 1,dy = 5.

By inspection, the first common term is 11.
The common difference of the AP formed by common terms is d. = LCM(dy, ds) = LCM(4, 5) = 20.

So, the new AP of common terms has first term a. = 11 and common difference d,. = 20.

We need to find the sum of the first 20 terms of this new AP.
20
SQQ = ?[QCLC + (20 — 1)dc]

Sao = 10[2(11) + 19(20)].
Sao = 10[22 4 380] = 10[402] = 4020.

The correct option is (4).

10



k

21>
(1) 240 (2) 120 (3) 60

Solution:

Concept Used:

e Sum of squares of first n natural numbers: > n? = 5

o Method of difference / Telescoping series.
Hint:
« Find the general nth term (7,,) of the series.

o Simplify T}, and express it as a difference of two consecutive terms.

o Find the sum of 20 terms by observing the telescoping cancellation.

First, let’s find the general term, 7,,.
The numerator is an AP: 3,5,7,... with nth term 3+ (n — 1)2 = 2n + 1.

The denominator is the sum of squares of first n natural numbers: 1% + 2% + - ..

T _ 2n+1 6
n n(n+1)6(2n+1) n<n + 1)

Using partial fractions:
1 1
res(lo L)
n n+1
20

The sum of the first 20 terms, Sy = Z T,.

n=1

20 1 1
820:6Z<—n+1>.

n=1 n

This is a telescoping series:
sw=o[(1-3)+(z-3)++ (=)
0 2 2 3 20 21/]°

1 20\ 120
520 =6 ( 21) 0 <21> 21

We are given that the sum is —.

21
ko120

AR k = 120.
o1 21 0

The correct option is (2).

11

(4) 180

60. If the sum 1% + 125;22 + 12+272+32 + o + up to 20 terms is equal to =%, then k is equal to:




61. If 1,1logs 1/(3'7% 4 2),logs(4 - 3* — 1) are in arithmetic progression, then x equals:

(1) logy 4
Solution:

Concept Used:

(2) 1 —logs 4 (3) 1 —log, 3

e Ifa, b, carein AP, then 2b = a + c.

o Logarithm properties: nloga = loga™, loga + logb = log(ab), log, b = 1.

Hint:

o Apply the condition for an AP.

o Use logarithm properties to simplify the equation.

o Let y = 3" to form a quadratic equation and solve for y.

Since the terms are in AP, we have:

2logy V3177 + 2 = 1+ logy(4 - 3% — 1).

logs (V317 +2)?) =logy 3+ logy(4 - 3" — 1),
logs (317 4+ 2) = logs(3(4 - 3" — 1)).

Equating the arguments of the logarithm:
37T+ 2=3(4-3"-1).

3
—+2=12-3"-3.
3“+
Let y = 3.

3 3
S42=12y—3 = Z45=12.
Y Y

Multiply by y: 3 + 5y = 12¢°.

12¢% — 5y —3=0.

12> — 9y + 4y — 3 = 0.

By(dy —3) + 1(dy —3) =0 = (3y+ 1)(dy — 3) = 0.
y=—1/3ory=3/4.

Since y = 3%, y must be positive. So, y = 3/4.

3" = 3/4.

x = logs(3/4) = logy 3 — logg4 = 1 — log, 4.

The correct option is (2).

12

(4) log, 3



62. The sum of the series 3 + 8 4+ 16 + 27 + 41 ... upto 20 terms is equal to:
(1) 4230 (2) 4430 (3) 4330 (4) 4500
Solution:

Concept Used:

e Method of differences for finding the nth term of a series.

¢ Summation formulas for standard series (3> n? > n).
Hint:

e Let the sum be Syy. Find the differences between consecutive terms.
o If the differences are in AP, the nth term is a quadratic in n.

o Find the general term T}, and then find the sum 2%, T,,.

Let the series be S =34+ 8 + 16+ 27 + 41 + - - - 4+ Thg.

The differences between consecutive terms are:

8—-3=5, 16—8=8, 27—16=11, 41-27=14,...
The first differences 5,8,11,14, ... form an AP with a=5, d=3.
This means the nth term of the original series is a quadratic in n, i.e., T,, = an® + bn + c.
Ti=a+b+c=3.

Ty =4a+2b+c=8.

T3 =9a + 3b+ ¢ = 16.

(T, —Ty) :3a+b=5.

(T3 —Ty) : 5a+ b = 8.

Subtracting these two gives 2a =3 = a = 3/2.
b=5—-3a=5-3(3/2)=5-9/2=1/2.
c=3—-a—-b=3-3/2—-1/2=3-2=1.

3 1
Tn:§n2+§n+1.

20 20 3 1
SQO = ZT”: Z <n2—|—n+1> .
n=1 n=1 2 2

1
LD MGEED SRS St

i) )

3 1
= 5(10-7-41) + 5(10-21) + 20.

=3-5-7-41+ 105+ 20 = 15 - 287 + 125.
= 4305 + 125 = 4430.

The correct option is (2).

13



63. The sum to the infinite terms of the series g7+ 72_9112 + 1121_3152 + ... is:

(1) 1/8 (2) 1/36 (3) 1/54 (4) 1/72

Solution:

Concept Used:

o Method of difference / Telescoping series.

o Algebraic identity: v* —a* = (b —a)(b+ a).
Hint:

o Identify the general term 7T,,. The denominators involve squares of numbers in an AP.
o Express the numerator in terms of the factors in the denominator to facilitate cancellation.

e Decompose T,, as a difference of two terms.

The terms in the denominator are 3,7,11,15,... which is an AP with a = 3,d = 4.
The nth term is 3+ (n — 1)4 = 4n — 1.
The denominator of T}, is (4n — 1)*(4(n + 1) — 1)* = (4n — 1)*(4n + 3)*.
The numerator is 5,9, 13, ... which is an AP with a = 5,d = 4.
The nth term is 5 + (n — 1)4 = 4n + 1.
dn +1
(4n —1)2(4n + 3)%
This is complex. Let’s try to express the numerator as (4n + 3)* — (4n — 1)%,
(16n% 4+ 24n +9) — (16n> — 8n + 1) = 32n + 8 = 8(4n + 1).

T, =

So, dn+1 = é((4n+ 3)% — (4n — 1)%).
1(4n—|—3)2—(4n—1)2_1< 1 1 )

=3 4n—1)?  (dn+3)

8 (4n—1)2(4n+3)2 8

The sum S is a telescoping series:

1 & 1 1
5_8;<(4n—1)2_(4n+3)>'

1,1 1
e
n=25lE )
n:3:é(112_1152)'
...and so on.
As n — oo, the term (4n13)2 — 0

1/1 1 1 1
s=5(z-9=5%5=m

The correct option is (4).

14



64. The sum to infinity of the series 1 + % + 512 + g + ... is:
(1) 16/25 (2) 11/5 (3) 35/16 (4) 8/11
Solution:

Concept Used:

o Sum of an infinite Arithmetico-Geometric Progression (AGP).
Hint:

o The series is an AGP. Identify the AP part and the GP part.

o Use the formula Sy, = 1% + ufi’;)g or derive it using the S — S method.

The given series is an AGP.
The AP part is 1,4,7,10, ... with first term a = 1 and common difference d = 3.
The GP part is 1,1/5,1/5%,... with common ratio 7 = 1/5.

Let the sum be S.

4 7 10
1t —=F—F... (1
S=ld -t g+t (1)

1 1 4 7
SS= St (2
5 TR R @)

Subtract (2) from (1):

1 4 1 7 4
sa-9=1+(5-3)+ (m-5)+

4 3 3 3

Sy R SR AR VI
P s te e T

45—1+3<1+1—+ )
5= bt )

The term in parenthesis is an infinite GP with first term 1/5 and ratio 1/5.

) ) 1/5 /5 1
f th P = = _.
Sum o is G 131_1/5 151

4 1 3 7

Cs=143(-)=1+2="

5S +3(4) Jr4 4
7 5 35

The correct option is (3).

15
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65. The sum of the infinite series 5 + 5 + 55 + 35 + g3 + - 18 equal to:
(1) 1/3 (2) 1/4 (3) 1/5 (4) 2/3
Solution:
Concept Used:
o Recognizing patterns in series.
e Telescoping series.
Hint:
o Factorize the denominators to find a pattern.

« Note that the denominators are related to triangular numbers.

Let the series be S. Let’s examine the denominators.

9,18,30,45,63, ...

Let’s factor them: 9 =3 x 3,18 =3 x 6,30 =3 x 10,45 =3 x 15,63 =3 x 21, ...

5_1(1+1+1+1+1+>
- 3\3 6 10 15 21 )

n(n—i—l)‘

The numbers 3,6, 10,15,21, ... are triangular numbers, 7T, = 5

Ty =3,Ty=6,T, = 10,...

1 2
So, the nth term of the inner series is = )
Tn—l-l (n + 1)(” + 2)

o1& 2

S —.
3 nz:; n(n + 1)
2
Let’s check the first term: n=2 gives T3) = 1/3. Correct.
Let’s check the second term: n=3 gives 304) = 1/6. Correct.
2 & 1 271 1
3T§n(n+1) 3;222 n n+1

This is a telescoping series:

Szg[(;—;)+(;—i)+(i—é)+---]
1

2 /71
5—3(2)—3-

The correct option is (1).

16



66. The sum of an infinite geometric series with positive terms is 3 and the sum of the cubes of its
terms is %. Then the common ratio of this series is

(1) 4/9 (2) 2/9 (3) 2/3 (4) 1/3
Solution:

Concept Used:

o The sum of an infinite GP is S, = %=, for |r| < 1.

g ~ . - . . . - 23 2 Q 3 . . .
o If a GP is a,ar,ar?, ..., the series of its cubes is a?, a’r3, a®r%, ..., which is also a GP with

’ and common ratio 1'3.

first term a
Hint:
o Formulate two equations based on the two given sums.

e Solve the system of equations for the common ratio r.

Let the GP be a,ar,ar?, ...
a

The sum of the series is =3 ---(1).

—-Tr

The series of the cubes is a®, a®r3, a®r", . ..

This is a GP with first term a® and common ratio 3.
a’ 27
Th f thi jes is —— = — .- (2).
e sum of this series is ;3 = 75 (2)

From equation (1), cube both sides:

( ¢ )3—33: L-Q?:a?’—Z?(l—T):)’
1—r/) (1—7r)3 B '

Substitute this into equation (2):

27(1—7r)3 27

1—r3 19
(1—1r)3 1

1—r)Q+r+7r2) 19

(1—-r)? 1

1+r+r2 19

191 = 2r +7%) =147+ 7%
19—38r +19r2 =1 4+ r + 2.

18r% — 39r + 18 = 0.

Divide by 3: 6r* — 13r +6 = 0.

6r° —9r —4r +6=0 = 3r(2r —3) —2(2r — 3) = 0.
(3r —2)(2r —3) =0.

r=2/3orr=3/2.

Since the sum is of an infinite series, we must have |r| < 1. Therefore, r = 2/3.

The correct option is (3).

17



67. Let a, be the n'"* term of an A.P. If S, = a1 + as + as + ... + a,, = 700, ag = 7 and S; = 7 then a,
is equal to

(1) 56 (2) 65 (3) 64 (4) 70
Solution:
Concept Used:
o nth term of an AP: ay = a; + (k — 1)d.
e Sum of n terms of an AP: Sy = £[2a; + (k — 1)d].
Hint:
o Use the given values of ag and S; to form a system of two linear equations in a; and d.
e Solve for a; and d.

e Use the value of S,, = 700 to find the value of n.

o Finally, calculate the term a,,.

Givenag =7 = a1 +5d=7 ---(1).
7
Given S; =7 = 5[2a1—|—(7—1)d]:7.

1
Sl20+6d =1 = a+3d=1 - (2).

Subtract equation (2) from (1):
(a1+5d)—(a1+3d)=7—1 — 2d=6 — d=3.
Substitute d=3 into (2): a1 +3(3) =1 = a1 =1—-9=-8.

Now use S,, = 700 to find n.
g[2a1 + (n — 1)d] = 700.
g[z(—sa) + (n— 1)3] = 700.

n[—16 + 3n — 3] = 1400.
n(3n — 19) = 1400 = 3n* — 19n — 1400 = 0.

Solving the quadratic for n:

—(19) £ /(=19)> ~4(3)(~1400) _ 19+ /361 + 16800 _ 19 + V/I7IGI

n =
2(3) 6 6
V17161 = 131.
19+ 131 19+131 150
n= —5 Since n must be positive, n = 2 =5 = 25.

The question asks for a,,, which is ass.
ags = ay + 24d = —8 4+ 24(3) = —8 + 72 = 64.

The correct option is (3).
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68. If the sum of the second, fourth and sixth terms of a GP of positive terms is 21 and the sum of its
eighth, tenth and twelth terms is 15309, then the sum of its first nine terms is:

(1) 760 (2) 755 (3) 750 (4) 757
Solution:
Concept Used:

e nth term of a GP: a,, = ar™ .

a(r™—1)
r—1

e Sum of n terms of a GP: S,, =
Hint:

o Write the two given conditions as equations in terms of ’a’ and r’.
» Divide the second equation by the first to eliminate ’a’ and solve for 'r’.
o Substitute 'r’ back into the first equation to find ’a’

e Calculate the sum of the first nine terms.

Let the first term be ’a’ and the common ratio be r’. Since terms are positive, a > 0,r > 0.
Given: as + a4 + ag = 21.
ar+ar® +ar® =21 = ar(1+r*+rH) =21 ---(1).

Given: ag + ajg + ajp = 15309.
ar” + ar® + ar' = 15309 = ar"(1 + 7% + 1) =15309 ---(2).

Divide equation (2) by equation (1):
ar’(1+7r*+7r1) 15309

ar(l+r2+r%) 21

r® =729

Since r must be positive, r = (729)/6 = (3%)1/6 = 3.

Substitute r=3 into equation (1):

a(3)(1+ 3% +3%) = 21.

3a(1+9+81) =21 = 3a(91) = 21.
21 7 1

“T3%01 o1 13

Now find the sum of the first nine terms, Sy :
a(r®—1) £((3°-1)

T
g _ 1 19683 -1 19682
9713 2 T 26
Sy = T57.

The correct option is (4).
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69. Let ay,as,as,... be a G.P. of increasing positive numbers. If azas = 729 and ay + ay = % then
24(ay + as + ag) is equal to

(1) 131 (2) 130 (3) 129 (4) 128
Solution:
Concept Used:

« Properties of a GP: a,, = ar™ !, and aja; = agay if 1 4+ 5 =k +1.
Hint:

Use the property azas = a2 to find the 4th term.

Use the second given condition to find the 2nd term.

Find the common ratio v’ and the first term ’a’.

Calculate the required expression.

Let the first term be ’a’ and the common ratio be ’r’. Since it’s an increasing GP of positive numbers, a
Given asas = 729.
In a GP, asas = aj. So, a; = 729 = a, = 27.

as = ar® = 27.

Given ag + ay = 111/4.

111 111 -108 3
27T =111/4 =— 21T =—-——=—.
as + 27 /4 = as 1 7 1 1
as = ar = 3/4.
Now, find r:
3
a _ar® _
as ar
27 4
P= - =2Tx - =9x%x4=36.
r 3/ X3 X
r = 6 (since the GP is increasing).
Find a:
a=ay/r=(3/4)/6=3/24 =1/8.
We need to find 24(a; + as + ag3).
a; = 1/8
a; = 3/4 = 6/8.
a3 = as x v = (3/4) x 6 = 18/4 = 9/2 = 36/8.
1+6+36 43
CL1+CL2+(13:T:§.

43
24(a1+a2—|—a3):24><§:3X43:129.

The correct option is (3).
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70. f7=5+1(5+a)+ (5 +2a) + (5 + 3a) + ..., then the value of a is
(1) 6/7 (2) 6 (3) 1/7 (4) 1
Solution:

Concept Used:

e Sum of an infinite GP and an infinite AGP.

5+a b+200 H+ 3«
= + + +

7—5
7 72 73
5 _ s 5+na‘
n=1 7n

Separate the sum into two parts:
=5 >, no

2=> —+> —.
n=1 m n=1 m

> 1 X n
2=15 — — .
(E7) e (Z7)
Part 1: Sum of a GP.
> 1 1 1 a’ 1/7 B 1/7 1

DL ThEE A R Bl B v Ay Y

Part 2: Sum of an AGP.
X n 1 2 3

Langhg:§+ﬁ+%+”.
SP= oo

1 6 1 1 1 1
];—71;:713‘7772*73* =5
?Pzé - P:%.

Substitute these sums back into the main equation:

1 7
9—5(- LN
(6>‘+‘1<36)
5 Ta
9" 4=
6 36
5 _Ta
6 36
12-5 7 Ta
6 6 36
}_E: =06
6 36 @

The correct option is (2).
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71.

SECTION-B

A sequence of equilateral triangles is drawn. The altitude of each is /3 times the altitude of the
preceding triangle, the difference between the area of the first triangle and the sixth triangle is 968
V/3 square unit. The perimeter of the first triangle is

Solution:

Concept Used:

o Properties of equilateral triangles: Area A = \/—, Altitude h = \f

e Relation between Area and Altitude: s = j—’i} — A= \( <1()’ > =

5]

o Geometric Progression.

Let h, be the altitude of the nth triangle.
Given h,,1 = V/3h,,. This means the altitudes form a GP with common ratio r, = V/3.

he = h1(v/3)°™ = hy(V3)? = 9V/3h,.

h2
Let A, be the area of the nth triangle. A, = —=.

V3
Auir B2 V3 ()
The ratio of areas is Azl = ;;f/\g = < h,:l) = (V3)? =3,

The areas form a GP with common ratio r4 = 3.

Given that the difference is 968v/3. Since the altitude increases, the area increases.
Ag — A; = 968V/3.

Ai(ra)8~t — A = 968V/3.

A1 (3° — 1) = 968v/3.

A1(243 — 1) = 968v/3.

WS 43

2424, = 968V3 = A, = i

Now find the side of the first triangle, s;.
Al isf = 4\/_

$2=16 = s =4.

The perimeter of the first triangle is 3s; = 3 x 4 = 12.

The answer is 12.
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72. If rth term of a series is (2 + 1)277, then sum of its infinite terms is:

Solution:

Concept Used:
o Sum of an infinite Arithmetico-Geometric Progression (AGP).
Hint:

o Write out the first few terms of the series to identify it as an AGP.
o Use the S — S method to find the sum.

2 1
The rth term is 7, = (2r +1)27" = Tzi_ .
Let the sum be S, assuming the series starts from r=1.
3 5 7 9

T
S 2+4+8—|—16+ (1)
This is an AGP with common ratio r = 1/2.

1 3 5 7
SS= S+l 4 g (2

25 4+8+16+ )

Subtract (2) from (1):

1 1 3 5 3 7 5
s-38=55=s+(5-3)+(5-3)+-

1 3 1 1 1

Ss=yo(t s — 4.,

25 2 * (4 * 8 * 16 * )

The term in the parenthesis is an infinite GP with first term o’ = 1/4 and ratio v’ = 1/2.
d /4 1/4 1

SumofthisGPisS'GP:1 =1 1/2_1—/2_5.
_’r’ —_—

The answer is 5.
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73 If 54+9+134+.ciennnns n terms

T+9+114.....(n+1) terms 167 then n is equal to:

Solution:

Concept Used:

« Sum of an Arithmetic Progression (AP): S = %[2a + (k — 1)d].

[\

Hint:

o Identify the first term and common difference for both the numerator and denominator series.
o Apply the sum formula to both series.

» Solve the resulting equation for n.

Numerator: An AP with first term a; = 5, common difference d; = 4, and number of terms k; = n.
Srvam = 2[2(5) F(n—1)4] = g[m tdn—4] = g[4n +6] =n(2n+3).

Denominator: An AP with first term a, = 7, common difference dy = 2, and number of terms ks = n +

n;1[2(7)+(n+1—1)2]:n;1[14—|—2n]:(n+1)(n+7).

Sden -

The given equation is:

n(2n + 3) 17
(n+D)n+7) 16
16n(2n+3) =17(n+ 1)(n+ 7).
32n* + 48n = 17(n* + 8n + 7).
32n% 4+ 48n = 17n* + 136n + 119.
15n? — 88n — 119 = 0.

Solving the quadratic equation for n:

—(=88) & \/(—88) —4(15)(=119) _ 88 & /7744 1 7140 _ 88+ /4884

2(15) 30 30
We find that /14884 = 122.
884122
n= —30

Since n must be a positive integer (number of terms), we take the positive root.
88+ 122 210
n = —=

30 30 "

The answer is 7.
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4. If S =30

r . 81915 .
r=1 GAE 2L then the value of == must be

Solution:
Concept Used:
e Telescoping series method.

o Factorization of 2 + 22 + 1= (22 +1)? -2 = (2> —o + 1)(2* + z + 1).

-
Let th 1t be T, = ———.

et the general term be S
The denominator can be factored as (r* —r + 1)(r* + 7 + 1).

r

T. = .
(r2—r+1)(r24+r+1)

We can express T, using partial fractions. Note that (r* +r+1) — (r? —r + 1) = 2r.

T—l o 1 rP4+r+1) -2 —r+1)
T2 (D)2 +r 1) 2] (P2—r+ D2 +r+1)
1 1 1
T =~ _ }
2102 —r+1 r24+r4+1
This is a telescoping series. Let f(r) !
is is a telescoping series. Let f(r) = ———.
piig r2—r+1
1 1 1

Th 1) = = = :
) S Ay S 1 el =11 P artl

So, T, = 31() = S+ 1),

5= 1= 13070~ S+ 1)

5= S1F1) — F(@) + (72) ~ F3)) -+ ((90) ~ F(OL)].
5= S 17(1) ~ f(O1)].

)= =1

FOU) = 55— =

91291 +1 8281 —90 8191

s—1<1— 1 )_1(8190)_4095
) 8191/ 2 \8191/ 8191

81915 8191 4095 4095

The value to find is X =
9 9 8191 9

= 455.

The answer is 455.
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75. If {a;}7?_, where n is an even integer, is an arithmetic progression with common difference 1, and

ra; =192, Z:ﬁ a9; = 120, then n is equal to

Solution:

Concept Used:

e Sum of an AP.

o A subsequence with evenly spaced terms from an AP is also an AP.
Hint:

e Set up two equations based on the two given sums.

o The second sum is the sum of an AP consisting of the even terms as, ay, . .., a,.

» Solve the system of two equations for the two unknowns, a; and n.

Let the first term be a; = a, and the common difference is d = 1.

First condition: Z a; = 192.

S, = g[Qal +(n—1)d = g[Za +(n—1)(1)] = 192.

n(2a+n—1)=384 ---(1).

n/2
Second condition: Zagi = 120.
i=1
This is the sum of the series as, ay, ag, . . ., a,.

This is an AP with n/2 terms.

First term of this new AP isa} =ay=a; +d=a+ 1.

Common difference of this new AP is d' = ay — ay = (a4 3d) — (a + d) = 2d = 2.
2

Sum of this AP is S}, , = né[Qa’l + (

120 = %[2@ +1)+ (g —1)2).

g — 1.

)

120 =
0 4
n(2a+n) =480 ---(2).

2a+2+n—2]:%(2a+n).

We have a system of two equations:
(1) : 2an +n* —n = 384
(2) : 2an + n* = 480

Substitute (2an + n?) from (2) into (1):
480 — n = 384.
n = 480 — 384 = 96.

The answer is 96.
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