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4 METHOD OF INDUCTION AND BINOMIAL THEOREM v

@é}’ Let's Study

e  Mathematical Induction

e  Binomial Theorem
e  General term of expansion
e  Expansion for negative and fractional index

e Binomial coefficients

Let's Learn

Introduction :

The earliest implicit proof by induction was
given by Al Karaji around 100 AD. The first
explicit formulation of the principle was given by
Pascal in 1665. The Mathematical Induction is a
powerful method, easy to use for proving many
theorems.

4.1 Principle of Mathematical Induction :

Principle of Mathematical Induction consists of
the following four 4 steps:

Step 1 : (Foundation) To prove P(n) is true for
n=1

(It is advisableto check if P(n) is true forn=2, 3
also if P(1) is trivial).

Step 2 : (Assumption) To assume P(n) is true
for n=k.

Step 3 : (Succession) To prove that P(n) is true
forn=k+ 1.

Step 4 : (Induction) To conclude that P(n) is true
foralln e N

Row of dominos standingclose to each other gives
us the idea of how the Principle of Mathematical

Induction works.

Step 1 : (Foundation) The 1st domino falls
down.

(followed by it 2™ also falls down. Then 3%,
4% and so on.)

Step 2 : (Assumption) Assume if k™ domino
falls down.

k+1

Fig. 4.1

Step 3 : (Succession) Followed by k™ domino,
(k + 1) domino will also fall down.

Step 4 : (Induction) It is true that all the dominos
will fall down.

We will see how to use the principle of
mathematical induction to prove statements.

Stepwise Explanation :

Step 1. (Foundation) Formulate the statement of
the theorem as P(n) say, for any positive integer
n and verify it for integer n = 1. In fact, it is
often instructive, though not necessary, to verify
the statement for n = 2 and 3. This gives better
insight into the theorem.

Step 2. (Assumption) Assume that the statement
P(n) is true for a positive integer K.

Step 3. (Succession) Prove the statement for
n=k+1.




Step 4. (Induction) Now invoke the principle
of Mathematical induction. Conclude that the
theorem is true for any positive integer n.

IMlustration :

Let us prove a theorem with this method.
The theorem gives the sum of the first n positive
integers.

Itisstatedas P(n): 1 +2+3...+n=n(n+1)/2.

Step 1 : (Foundation)
To prove P(n) is true forn =1

1(1+1)
LHS=1 RHS=—>

true.

= 1 which is trivially

2%x(2+1)
— Q@

Check that 1 +2 = nd

1+2+3=

w , s0 P(2) and P(3) are also

true.

Step 2 : (Assumption) Assume that P(n) is true
for n =k and in particulaz
_ k(k+1)

—

1+2+3+...+k

Step 3 : (Succession) To prove P(n) is true for
n=k +1 that is

1+2+3+...+k+(k+1)=(k+1)2ﬂ
Here LH.S.=1+2+3+...+k+(ktl)

= @ + (k+1) (by step 2)

=(k+1)(§+1)

 (k+D)(k+2)
2
Thus, P(k + 1) is proved.

=R.H.S.

Step 4 : (Induction) Now by the Principle of
Mathematical induction, the statement P(n) is
proved for all positive integers n.

( SOLVED EXAMPLES j

Ex.1 By method of induction, prove that.

1.3+25+3.7+...+t+n(2ntl)= % (n+1)(4n+5)
forallne N

Solution :
LetP(n)=13+25+3.7+....+n(2nt+l),
foralln e N

= % (n+1)(4n+5)

Step (I) : (Foundation) To prove P(1) is true
Letn=1
L.H.S.=13=3

1
R.H.S. =

¢ 1+ D1 +5)

1
== ©)=3
. L.H.S.=R.H.S.
- P(1) is true

Step (II) : (Assumption) Assume that let P(k)
is true

SL13+25+3.7+ . +k(2k+])

= % (k+1)(4k+5) (1)
Step (III) : (Succession) To prove that P(k+1)
is true.
re. 1.3+2.5+3.7+....+(ktl)[2(k+1) +1]
(k+1)

=T (k+1+1) [4(k+1) +5]

fe 1.3+2.5+3.7+...+ (k1) (2k+3)
(k+1)

(k+2) (4k+9)




Now

LH.S.=13+2.5+3.7+....+(k+1) (2k+3)
=1.342.5+.. +k(2k+1)+(k+1)(2k+3)

N =

(k+1)(4k+5)+(k+1) (2k+3)

... from (i)

= (k+1) [@uku}

4k2+5k+12k+18]

6
_ (k+1)(k+2)(4k+9)
6

= (k+1) [

=R.H.S.
- P (k+1) is true.

Step (IV) : (Induction) From all steps above by
the principle of mathematical induction,
P(n) is true for all n € N.

2 13+25+3.7+....+n(2n+1)

% (n+1)(4n+5), for all n € N.

Ex.2 By method of induction, prove that.

c r—1 l_xn
ZCDC =a ,forallne N, x # 1.
r=1 l—X

Solution : Let P(n) = ZGXH
r=1

1—x"
=atax+ax+..+ax"'=a —x

Step (I) : To prove that P(1) is true

Letn=1
.L.H.S.=a
1-X
pis a2 o
1-X

S L.H.S.=R.H. S.

- P(1) is true

Step (IT) : Assume that P(k) is true.

k
Zax"1 =a+tax+ax+.. +axk!

r=1

=S .
=a [ - } (1)

Step (III) : To prove that P(k+1) is true

) l_xk+1
ie.atax+ax’+...+axk=a .
—X

Now, LH.S.=a+ax+ax+...+ax*'+ax*

—a R‘xk} +axt [by (i)]

a(l-x)+ax*(1-x)
(1-x)
all—x* +x* —x

(1-x)

k+1]

=R.H.S.
- P(k+1) is true.

Step (IV) : From all steps above by the principle
of mathematical induction, P(n) is true for
alln € N.

N r—1 1-x"
" Zax =a[ j,forallneN,x#l.

r=1 l—X

Ex.3 By method of induction, prove that.
5 — 1 is divisible by 6, for all n € N.
Solution : 5> — 1 is divisible by 6, if and only if
5% — 1 is a multiple of 6
Let P(n) be 5"— 1 =6m, m € N.

Step (I) : To prove that P(1) is true, Letn=1

LS —1=25-1=24=64




- 52— 1 is a multiple of 6
- P(1) is true.

Step (II) : Assume that P(k) is true.
oo 5% —1=06a,
5% =6a+1 ..(1)

where a e N

Step (III) : To prove that P(k+1) is true
i.e. to prove that 5***V — 1 is a multiple of 6
ie. 5%2 —1=6b, beN
Now 522 — 1 =5%52—1

=6a+1)25—-1 by
= 150a + 24 = 6(25a + 4)
= 6b

Step (IV) : From all the steps above
P(n) = 5°"—1 is divisible by 6,
forallne N

Note :

1) 5<5 is not a true statement, whereas 5 < 5,
5 > 5 are true statements.

2) 2=3,2>3,2 >3 are not true statements,
whereas 2 < 3, 2 < 3are true statements,

Ex. 4) By method of induction, prove that
nN!'>2":vneN,n>4.

Solution : Step I : (Foundation) Since P(n) is
stated forn > 4. Taken =4

L.H.S.=4!=24 RH.S.=2*=16.

Since 24>16, P(n) is true forn=4

[P(n) is not true for n =1, 2, 3 (Verify!)]
Step (II) : (Assumption) Assume that let P(k)

is true.
ie. k!>2%:keN, k>4.

Step (IIT) : (Succession) To prove that P(k+1)
is true.

i.e. to prove that (k + 1)! > 21 k+ 1 >4,
LHS. = (k+1)! = (k+ 1)k!

Since k>4, k+1>4+1,1e. k+1>5,
alsok +1 > 2 (why?)

and from Step I,k ! >2%; k>4,

Therefore, L.H.S. = (k+1)k! >2.2k= 21 =R H.S.
ie. (kr)! > 281 k+1>4

Therefore P(k+1) is true.

Step (IV) : (Induction) From all steps above,
P(n) is true for V.n € N, n > 4.

Ex. 5) Given that (recurrence relation)
t ., =3t +4,t =1, prove by induction that
(general statement) t = 3" — 2.

Solution : The statement P(n) has L.H.S. a
recurrence relationt | =3t +4,t =1 and
R.H.S. a general statement t = 3" — 2.

Step I : (Foundation) To prove P(1) is true.

LHS. =1,RHS=3"-2=3-2=1
So P(1) is true.

Forn=2,LHS. =t =3t +4=3(1)+4
=7

Now RH.S.=t,=3-2=9-2=7.P(2)
is also true.

Step II : (Assumption) Assume that P(K) is true.
ie fort, =3t +4,t =1 thent =3*-2

Step III : (Sucession) To prove that P(k + 1) is
ture.

i.e. toprovet,  =3%1-2

Since tk+1 = 3tk + 4, and tk =3k _2 (From
Step It = 3(3k—2)+4=31_6+4

— 3k+1 _ 2.
Therefore P(k + 1) is true.

Step IV: (Induction) From all the steps
above P(n), t = 3" -2 is true for V n € N, where
t, =3t +4,t =1




Ex.6 By method of induction, prove that. 16 +29+3-12+...+(k+ 1) Bk + 6) =
2">n, foralln e N. (k+1)*+3(k+1)*+2(k+1)+3
LHS.=16+29+3-12+..+(k+1)(3k+6)

Solution : Let P(n) =2">n
= 1:6+2:9+3-12 +...+ k(3k+3) + (k+1)

Step (I) : To prove that P(1) is true, Letn =1 (3k+6)
LHS.=2"'=2 =k*+3k*+ 2k + 3+ (k+ 1) (3k + 6)by(i)
RHS. =1 =k +3k?+ 2k + 3 + 3k* + 6k+ 3k + 6
2> 1 Which is true =k* +3k* + 3k + 1 + 3k?+6k+3+2k+2+3
. =k+1)yP+3K*+2k+1)+2(k+1)+3
- P(1) 1s true
=(k+1)P+3k+1)2+2k+1)+3
Step (II) : Assume that P(k) is true, k € N =R.H.S.
s 2k>k ..(1) - P(k+ 1) is true.
Step (IIT) : To prove that P(k+1) is true IfP(k) is true then P (k+1) is true.
e S k4 Now we examine the result for n =1
Now 281=2k21>%k2 by (i) LHS.=16=6
) S Y R H.S.=13+3(1)*+2(1)+3
s 2> k+k =9
skl s e 4] ( kZl) . Lo H.S. ;ﬁ R.H. S.
- Pk + 1) is true. = P(1) is not true

.. P (n) is not true for all n € N.
Step (IV) : From all steps above and by the

principle of mathematical induction, P(n)
is true for all n € N. (EXERCISE 4.1 )

. 2">n, foralln € N.

Remarks : (1) In the proof of P(n) by method
of induction, both the conditions viz. () 2+4+6+...+2n=n(n+l)
(1) P(1) is true and (ii) P(k+1) is true when  (2) 3+ 7+ 11+
P(k) is true, must be satisfied. (2) In some

Prove by method of induction, for all n € N.

..... + to n terms = n(2n+1)

+1)(2n+1
problems, second step is satisfied but the  (3) 12+22+32+ ... +n’*= w
first step is not satisfied. Hence the result is n
not valid for all n € N. 4) 1*432+52+ ... +(2n-1)= 3 (2n—1)(2n+1)

for example, (5)

let P(n) = 1.6+2.9+3.12+....4n(3n + 3) = n
2 +3n2+2n+3 (6) 1-242-3+3-4+....4n(ntl) = 3 (n+1)(n+2)

1*+3%+ 5° + ... to n terms = n* (2n*—1)

Let us assume that P(k) is true.
5 1:642:943- 12+, +k(Bk + 3) =k* + 3k* + 2k + 3

(1) (8)

n
(7) 1-343-5+5-7+....tonterms= 3 (4n*+6n—1)

1
We have to prove that P(k+1) is true, 1335 57 (2n-D)(2n+1)

1.e. to prove that -




)

(10)
(11)
(12)
(13)
(14)

(15)

(16)

4.2

4+ L + L +...tonterms= _n
3(2n+3)

1
3.5 57 79

(2°»—1) is divisible by 7.
(2*—1) is divisible by 15.
3" —2n — 1 is divisible by 4.
5
54+52+5+...+5"= 2 S"—=1)
(cos O + 1 sin 0)" = cos (nB) + 1 sin (n0)

Given that t | = 5t + 4, t =4, prove by
method of induction that t=5"—1

Prove by method of induction

1 2\ 1 2n
[0 J:O 1 vVneN

Binomial Theorem for positive integral
index :

We know that

(a+b)= 1

(a+b)= la+1b
(a+by= 1a> + 2ab +1b?
(a+by=1d+3a’b+ 3ab’+ 1b?

(a+b)' = la*+4cd’b + 6a’b” + 4ab’ + 1b*

The coefficients of these expressions are
arranged by Pascal'striangle as follows and
are expressed in the form of "C_

Index

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

0 °C,=1

1 'C,=1'C,=1

2 ’C,=1°C =27, =1

3 C,=1°C,=3°C,=3°C,=1

4 C~1 *C=4 ‘C=61'C=4'C~1
Now, we will study how to expand
binomials of higher powers.

Theorem : If a, b € R and n € N, then
(atby*= "C,ab’+"C a"'b' +

"C,a?b*+..+"C_a’b"
Proof : We prove this theorem by method
of induction.

Let P(n) be (at+b)" =
"C,ab’+"C a'b' +'C, a*?b’ +..+"C _a’b"

Step(I): Letn=1

L.HS. =(a+b)!=a+b
R.H.S.='C db"+'C db'=a+b
L.H.S.=R.H.S.

P (1) is true.

Step (II) : Let P(k) be true.

- (atb)=KC, dD™HC a1 bIHC b +4C b

(D)

Step (IIT) : We have to prove that P(k+1) is true.

i.e. to prove that

(atb)! =

k+1 k+1]40 4 k+1 k141 1+ k1 k—112
C,d"b’+¥1C db' + C ad b +...
k+1 0 Tk+1

+ Ck+la b

Now L. H. S. = (a + b)<!

= (at+b) (atb)
= (a+b) [*C, adb™+C d" b'+C d?b*+..
+C a’ b¥] by (1)

= a[‘C db™+*C d'b+C,d*b*+...+C a’b"]
+b[*C db*+C,d"! b+C d?b*+...+*C a’ b¥]




= [*C,a“"b"+C, d'b'+*Cd'b*+...+C, ab*]+
[FC,GbH+C a1 bH+C dk 2b*+.. +5C, a b1]
— kC00k+1b0+kClakbl+kcoakbl+kczak—lb2 +
“C,d'b™+..+*C a' b+ *C_, a'b*+*C o’ b*"!
— kcoak+lb0+ (kcl+kco)akb1+(kcz+kcl)ak—lb2+
ot (*CH*C_)) a'b*+C a’ b

But we know that

kCO =1 =KIC kC1+ kCO _ kHCl.

k+1?
k k(Y — k+l k k _ k+l

C2+ C1 Cz,.... Ck+ Ckfl Ck,....
k(Y — 1 — k+l

Ck 1 Ck+1

~LHS.= k+1C0Clk+1b0+k+1C10kbl +k+lczakflb2
k+1 Ol k+1
....... +1C,, ,ab

=R.H.S.
- P (k+1) is true.
Step (IV) : From all steps above and by the

principle of mathematical induction, P(n)
is true for all n € N.

. (atby="C a'b’+"C a"' b'+"C,a"?b*...+"C a’ b",
for all n € N.

Remarks :

(1) The expansion of (a+b)' contains n+1
terms.

(2) First term is a” and last term is b".

(3) In each term, the sum of indices of aand b
is always n.

(4) Insuccessive terms, the index of adecreases
by 1 and index of b increases by 1.

(5) Coefficients of the terms in binomial
expansion equidistant from both the ends
are equal. i.e. coefficients are symmetric.

(6) (a_b)n: ncoanb()_ nC]anfl b1_|_nC20n72b2_ e
(—1)C.a b
In the RHS, the first term is positive and

consequent terms are alternately negative
and positive.

( SOLVED EXAMPLES)

Ex. 1 : Expand (x* + 3y)’
Solution : Here a = x?, b = 3y and n = 5 using
binomial theorem,
Oc+3y) =>C (x*)* 3y)"+ °C,(x*)* (3y)' + °C,(x*)’
(By)*+°C(¢)* (3y)y’ +°C,(x*)' (3y)*

+C,02)° 3y)’
Now °C,=5C,=1,°C,=°C,=5,
5-4
5C2=5C3= Z =10

- 0e3y)” = 1IN +5(xH(3Y)+10(x)(9yH)+
1O(X*)(27y*)+5(x)(81y*)+1(1)
(243y%)

2 (33Y)°= X1 5x3y+90x0y?+270x4y3+405x y*
+243y?

5
Y
. 2% — 2~
Ex. 2 : Expand ( X 2]

Solution : Here a=2x, b= % andn=1>5

Using binomial theorem,

(Zx - %} =5C0(2x)5(%j —Scl(zx){%j
5 iy 4_5 of ¥ 5
+°C,(2X) (Ej C.(2x) (2)

Now *C,=5C,=1,%C,=°C,=5,

N <

+5C,(2x)° G) - 5C3(2x)2(

54

— =10
2-1

5C2 — 5C3 =

(2)6 - %] =16326)(1) - 5(16¢)(3)

2

+10(8%%) (YT) - 10(4x2)(y?)

= 5<2x)(1y—6> - 1(1)(3y—2)




5
[2x - %) =323 — 40x%y + 20x%y? — 5x%y°

5

5 y
+_X4__
s VT3

Ex.3 : Expand (\/g + \/§)4

Solution
Using binomial theorem,

(Vi 43) =, (4B) (V3] +c,(35) (45)
(V5 (V3] v, (45 (V3)

e () ()

IN
%)

Now ‘C =*C,=1,'C,=*C,=4,"C,= =0,

N
—

o (V5 +B) =125)(1)+4 (55 ) (343 )+6(5)(3)

+4(5)(3v3) + 1HO)
o (V5+43) =25+(20V15) 490+ (12415) +9
. (\/§+\/§)4 = 124 +(32415)

Ex.4 : Evaluate (\/§+1)5 - (\/5_1)5
Solution : (V2 +1)' =C, (V2] +°C,(2)' +
() =) - )

+C, (\[5)0
5.4
Nowszclo C,=1,°C,=C,= 5,°C,=°C, =
o (V2+1) = 1(a42) + 5+ 10 (242) + 1002)
+5@5)+1
(V2+1) = (#2)+ 20 + (2042) + 20
+(5\/§)+ 1 .. (i)

:Herea=\/§,b=\/§andn=4

Similarly,

(\/5—1)5 = (442)20+(20v2) 20+(5v2) -1

... (i1)
Subtracting (ii) from (i) we get,

(\/5+1)5 - (\/5—1)5
— (4J§+20+20J§+20+5J§+1)
- (4\/5—20+20\/§—20+5\/§—1)

—2(20+20 + 1
— %
3 (ﬁ+1)5 —(\/5—1)5 — 82

Ex. 5 (Activity) : Using binomial theorem, find
the value of (99)*

Solution : We have (99)' = - 1)*
(99) =*C, @' - ‘C, @y +C, Oy
_4C3 (D)I + 4c4 (D)O
43
Now *C =*C,=1,'C,=*C,=4,"C,= 21 =6
99) = 1(10)5- 4(10)2+ 6(10)H
— 4010+ 1(1)
=0-0+0-0+0=0
Ex. 6 : Find the value of (2.02) correct upto 4
decimal places.
Solution : (2.02)° = [2+0.02]°
= °C,(2)°(0.02)°+°C, (2)*(0.02)" +
SC,(2)(0.02)2+ 5C, (2)%(0.02)* +
5C,(2)'(0.02)*+5C, (2)°(0.02)°
Now *C,=5C,=1,°C,=5C,=5,°C,=C,= 10

(2.02)° = 1(32)(1) + 5(16)(0.02)
+10(8)(0.0004) + 10(4)(0.000008)
+ 5(2)(0.00000016)
+ 1(0.0000000032)




Ignore last two terms for four decimal places
(2.02)> =32+ 1.60 + 0.0320 + 0.0003
(2.02)° = 33.6323.

Ex. 7 : Without expanding, find the value of
2x—1)> + 5 2x—1)* (1-x) + 10 2x—1)*(1-x)*+
10 (2x—1)*(1-x)*+5(2x—1)(1—x)*+ (1—x)°

Solution : We notice that 1, 5, 10, 10, 5, 1 are the
values of °C ,°C, ,°C,,°C,, °C,and °C,
respectively.

Hence, given expression can be written as
°C (2x=1)’+°C (2x-1)*(1-x)
+3C,(2x—1)’(1-x)*+ °C,(2x—1)*(1-X)’
+°C,2x=1)(1-x)*+°C, (1-x)’
~[2x-1) + (1=X)]°
=2x—1+1-x)°
_—

(2x=1)>+52x—1)* (1-x) +10 (2x—1)*(1—x)*

+10 (2x=1)2(1=X)P+ 5(2x=1)(1=%)*+ (1-x)°
=¥

{EXERCISE 4.2 )

(1) Expand () (V3++2) (ii) (V5 -v2)
(2) Expand (i) (22 +3)* (i) (2x—§jﬁ
(3) Find the value of
i (Va+1) —(v3-1)
(i) (2+45) + (2-V5)
(4) Prove that
(i) (ﬁwi)é + (\/E—JE)6 =970
(i) (V5 +1) —(v5-1) =352

4

()

(6)

(7)

(8)

)

(10)

4.3

Using binomial theorem, find the value of
(1) (102)* (i) (1.1)°
Using binomial theorem, find the value of
(1) (9.9)° (ii) (0.9)*
Without expanding, find the value of
(1) (x+1)* = 4(x+1)’ (x—1) + 6 (x+1)* (x—1)
—4(x+1) (x=1)*+ (x—1)*
(i) 2x—1)* +4(2x—1)* (3—2x) +
6 (2x—1)* (3—2x)*+ 4(2x—1)! (3—2x)°
+ (3—2x)*

Find the value of (1.02)®, correct upto four
places of decimals.

Find the value of (1.01)°, correct upto three
places of decimals.

Find the value of (0.9)%, correct upto four
places of decimals.

General term in expansion of (a+b)"

In the expansion of (a+b)’, we denote the
terms by t, t,, t,, t,t t .... then

e bt
t,="C, @b’

t,="C, a'b

t,="C, a" b’

tr: nCr7] anfrJrl br*l
t, ="C.a"b
t ., is called a general term for allr € N and

0 <r < n. Using this formula, we can find
any term of the expansion.

4.3 Middle term (s) in the expansion of (a+b)":

(1) In (atb)" if n is even then the number of
terms in the expansion is odd. So the only

th
middle term is (nT-’_Zj term.




(i1) In (at+b)* if n is odd then the number of
terms in the expansion is even. So the two

th
middle terms are (n_—i—lj term and

th
(n + 3) term.
2

( SOLVED EXAMPLESj

Ex. 1 : Find the fifth term in the expansion of

3 8
( sz +_j
2X

Solution : Here a=2x%,b = PRl 8
Fort,r=4
Since, t, ="C a""b,

3 4
t,= C, ()" (Zj

_ 8765 (2’ ( 3 j

432.1 2X
81
=70(16x8
= 5670x*

The fifth term in the expansion of

8
(2x2 +23J is 5670x*
X

Ex. 2 : Find the middle term(s) in the expansion

8
of (Xz +£j
X
2

Solution : Here a=x2, b= o n=28§
8+2
Now n is even, hence (HT”) = (Tj =5

Fifth term is the only middle term.
For t,r=4

We have t, ="C_a"" b,

(3
t, = 8C4 ()4 =

X

8.7.6.5 2\
— (X2)4 -
432.1 X

. 16
=70 () =
= 1120

Ex. 3 : Find the middle terms in the expansion of

9
(2x— : J
4%

Solution : Here a=2Xx,b=—,n=9
4x

1
Now n is odd (%) =5 (n;—3} =6

Fifth and sixth terms are the middle terms.
We have t, ="C a"" b,
Fort,,r=4

LY
t = 9C4 (2x)*+ (—Hj

4
_ 9876 (L
4321 4x

1
=126 (2x°
2% (256X4J

(2

Fort ,r=5

1Y
t = 9C5 (2x)>3 (R)

9876 ., (-1
eSS ( j

4.3 4x
- 4 _
126 (16x%) (1024)(5)
__ 63
32X
) 63X 63
The middle terms are | —— | and ———
4 2X




Ex. 4 : Find the coefficient of X in the expansion

11
of (xz +l)
X
1
Solution : a=x*b= PEE 11

We have t, ="C_a"" b,

1 T
— 11 2\11-r | —
t, = "C.(x) (xj
— llCr X22—2l‘ X—r

— 11 22-3r
Cr X

To get coefficient ofx’, we must have
X22—3I‘ — X7
22 -3r=7
r =5
. 11-10-9-8-7
C -
.. Coefficient of X7 is 462.

=462

Ex. 5 : Find the coefficientof X % in the expansion

1 10
of | 2x———
( ngzj

-1
Solution : Here a=2x,b = F, n=10
X

~1 Jr
X2

IOC (2)107rX10*r [_jr X*Zr

1Y
IOC (2)107r (_ X10*3r
T \/5]

We have t, ="C a"" b,

= 1oC (2X2)10—r [

ey

[

o

To get coefficient of X 2, we must have
X103 = x2

S 10—-3r=-2

r =4
. coefficient of X2

— 10 104 [ —1 4:10'9‘8'7 of 1Y
- G@) (ﬁ} 2321 2 (ﬁj

210 (64) G]

4480
3

4480
3

. Coefficient of x 2is

Ex. 6 : Find the term independent of X, in the

2 10
expansion of (\/_ __zj

X
. -2
Solution : Here a = \/;,bz 7,n= 10

We have t, ="C ar br

e ()

10-r

— 10Cr X( 2 ] (_2)rx—2r

10-5r

= 10Cr (-2) X 2

To get the term independent of X, we must have

10-5r

X 2 =x0

. 10-5r ~0
2

S 10—-5r =0

ST =2

.. the term independent of X is

10.9
C,(-2) = T (2 =45(4) = 180

.. the term independent of X is 180.




(1)

2)

3)

4)
EXERCISE 4.3
In the following expansions, find the
indicated term.
3 8
(1) 2x2+—j , 3" term
2X
11
(i) | x* —%) , 5™ term
X
9 (5)
i) (4X_5 J 7% term
5 2X
12
6
(iv) %+azj , 9" term ©)
13
7
(v) 3a+ij , 10" term M
a
In the following expansions, find the 44

indicated coefficients.

() xin (x2+¥] (ii) x® in (2x5—%j

1 18 1Y
(ii1) x° in (_+X2J (iv) X3 in (X—gj

X

v) xin [x3 —ij
2x*

Find the constant term (term independent
of X) in the expansion of

(i) (m}%} (i) [x—ij
(iii) [I —%) (iv) (xz—i]

V) (sz _ij
X

Find the middle terms in the expansion of

(i) (LXT (i) [x2+lj7

y X X
o (3 @3]
o )

In the expansion of (k+x)%, the coefficient
of x° is 10 times the coefficient of x¢. Find
the value of k.

Find the term containing X°in the expansion
of 2—x) (3x+1)°

The coefficient of x* in the expansion of
(1+2x)™1s 112. Find m.

Binomial Theorem for Negative Index or
Fraction.

If n is negative then n! is not defined.

We state binomial theorem in another form.

o nn-D 5.,
(atb) = +1'a‘b+ T b
nn-1)n-2)
— 3 d a’b+....
1’1(1’1 1) (1’1 I“H) av rbr+ .... + bl’l

r!

n(n-1)(n-2)...n—r+1)
r!

Heret = a b
T+1

Consider the binomial theorem

(I =1+"Cx+"C x>+ ...+ X

n(n—1) °
21

=]1+nx+ + ...t X0

This is a finite sum.




The theorem has an extension to the case
where 'n' is negative or faction. We state it
here without proof.

For |x|<1
n(n-1)
(IH)"=1+nx+ "5 X+
n(n-1)(n-2)
3 X+

n(n-1)...n—r+1)
r!

X+ ...

Here n is not an integer and the terms on
the RHS are infinite, the series does not
terminate.

Here there are infinite number of terms in the

expansion. The general term is given by

_ n(n-1)(n-2)..(n—r+1)x’
r! ’

r>0

T+1

Remarks : (1) If [x|<1 and n is any real numbet
not a positive integer, then

n(n—1) n(n—1)(n-2)
(I =1=-nx+ ~"5 X — 30 X3+

The general term is given by

_ (-D'n(n—-1)(n-2)....n —r+1) "

T+1 I.!

(i1) Ifnis any real number and |b|<|a|, then

(a+by= {a(l-ﬁ-hﬂ =a (1+Ejﬂ
a a

Note : While expanding (a+b)* where n is a
negative integer or a fraction, reduce the binomial
to the form in which the first term is unity and the
second term is numerically less than unity:.

Particular expansion of the binomials for
negative index, fraction. X|<I

1
(1) Tox =(14X)7' = 1= XHX=X+X =%+
X

1
(2) —x =(1-X) "= 14+ XBCECHXHX+...
- X

1
3 = (14x) 2=1-2x+3x>— 4x*+...
O G~
1
4) > = (1=X)2=1+2x+3x2+ 4x°+...
(1-x)
2 3
(5) I+x :(1+x)y2 S X X X
2 8 16
2 3
6 1-x = l—x%:l—ﬁ—x——x——...
©) (1-x) RRT:
( SOLVED EXAMPLES)
Ex.1 : State first four terms in the expansion of
1 where [bl<[q|
(a-b)*
Solution : We have L = (a—b)™
(a=b)°

il

:a{mm( bjm(kjw(hj}

a 21 a 31 a
2 3
=a’ 1+4E+§b—2+@b—3+...
i a 2a 6 a
L[ 4 10b® 20b° }
=a | l+—+—+—+..
. a o« a

Ex. 2 : State first four terms in the expansion of

1
iy i<l

Solution : = = (atb)’!

(atb)

-1
=a' (1 + E)
a

oo copeney, ]




Ex. 3 : State first four terms in the expansion of
. 2
(2-3x) "2 if [x|< 3
Solution : |x|< 3

3x
2
We have (2-3x)7'2

_1
= 2*1/2 (1 _3_X) A
2

_ ok 1{_3(—%}(‘3(_;‘lj(—ssz

2

<1

2 3
:2—% 1+3—X+27X +135X +...
4 32 128

Ex. 4 : Find the value of\/30 upto 4 decimal
places.

Solution:

J30 = (25 + 5"

12 1 5 -

(1)

2)

€)

(4)

_ 1 1 1
=5 | l+———+——...
10 200 2000
=5[1+0.1—-0.005+ 0.0005]
(upto 4 decimal places)
= 5[1.0955]
=5.4775

(EXERCISE 4.4 J

State, by writing first four terms, the
expansion of the following, where [x|<1

1) (1+x)* (ii) (1-x)"
(i) (1= (iv) (1+x)
(v) (1+x%)

State, by writing first four terms, the
expansion of the following, where |b|<|a|

(1) (a-b)> (i1) (a+b)™

(iii) (a+b)" (iv) (a—b) "

(V) (atb)™”

Simplify first three terms in the expansion
of the following
(1) (1+2x)*

(iii) (2—3x)"?
(V) (5-3%)7"

(ii) (1+3x)2
(iv) (5+4x) 2

Use binomial theorem to evaluate the
following upto four places of decimals.

(i) /99 (ii) /126
(iii) 416.08  (iv) (1.02)7

(v) (0.98)




4.5 Binomial Coefficients:

The coefficients "C, "C,, "C,, ... "C_in the
expansion of (a+b)" are called the binomial
coefficientsand denoted by C, C,, C,, ... C_

respectively

2°

Now (1+x)" = "Cx° + "Cx'+ "Cx+..+
"C x"...(1)

Put x =1 we get
(I+1)y="C,+"C+"CHt..+"C

22" ="Cy+"C +"C ¥ ... +°C,

G HC A C L+ C =20

L CFCHC L+ C =20

.. The sum of all binomial coefficientsis 2"
(i1) Put x =—1, in equation (i) we get
(1-1)y=rC,—"C+"C—..+(-1)"C
=0 ="C,—"C+"C—...+(=1)"C,

5 "Cy—"CH"Cm"Ct (1) C =0

£ 1+ C+ "C it ... =°C +"C o+ °C ot .....

C,,C,,C,,.....arecalled aseven coefficients.
C,,C,, C,..... are called as odd coefficients.
Let C,+ C,+ C ... =C,+ C,+ Ct .=k
NowC +C+C +C,+ ... +C =2"

S (CFCFCH L )HC +CHCH . )=2"

S k+k=20

s 2k=20

. k—z k_2n—1
L. 2,

© CeFCAHCH...=C+CHCH .. =2

.. The sum of even coefficients = The sum
of odd coefficients = 2!

[ SOLVED EXAMPLES ]

Ex.1 : Show that C,+ C + C, + ... + C, =1024
Solution : We have C,+C+C, + ... C =2"
Put n =10, we get
C,+C+C,+...C =2
L CHC+HC + L+ C =1024

Ex. 2 : Show that
C,HC+C,+..+C =C+C+C, +..

+C,, =2048
Solution : We have
C,HC+rC,+CH+CH+C +..+C_+C =2

Putn =12, we get
C,tC,+C,+C,+C,+C, +...
+C,+C,=2"7=4096 (i)

We know that

The sum of even coefficients =The sum
of odd coefficients.

CHC+C,+..+C, =C+C+C .+ ..
+C,, =k ..(i1)
Now from (i)
(C,+HCHC,+...+C )+ (C+CHC + ...

+C,,) = 4096
- k+k=4096

-, 2k = 4096
o k=2048
2.C+C+C, +...4C, =C +C +C +..+ C, = 2048

Ex. 3 : Prove that
C +2C,+3CH4C+...+nC = n.2"!
Solution :

LH.S.=C+2C+3C+4C+ ...+ nC,

9 n(n—1) N 3n(n—-1)(n-2)

+....+n.1




=n [1+(n—l)+W+....+l}

— n-1 n-1 n-1 n-1
=n [*IC,+ ™C +*IC + ...+ *IC_]

=n[C,+ C+Ct .t C_|]
=n.2""!

=R.H.S.

. CH2C+3CH...+nC =n2n!

Ex. 4 : Prove that

n+l
C0+&+&+....+ <, =2 !
2 3 n+l n+l

Solution : L.H.S.

n

c, ¢, ¢, ¢, C
e e
1 2 3 47 n+l

n+ln(n—1)+ln(n—1)(n—2)+” N 1

=1+— .
2 3 2! 4 3! n+1
__ 1! (n+1)+n(n+1)+(n+1)n(n_1)+...+l
(n+1) 2! 3!
B (n+1) [*'C +mCHMCH LA MC L]

1
= m [1+n+1C] + n+1C2+ n+1C3+”.+ n+1CnH_1]

[n+1C0+ n+1Cl+ n+1C2_|_ ..... + n+lcnﬂ_1]

T (n+))
“ o [C,+ CHCF.t C —1]
B (n+1) @D
_ % ~RHS.
C°+%+ 3 +nC:1_2;“+11

(EXERCISE 4.5 J

Show That

(1) C,+C+C,+...C, =256

(2) C+C+C,+...C/=512

(3) C+C+C,+..C =127

(4 C+C+C,+...C, =63

(5) CHCH+CH+CH+C~C +CH+C+C =128
6) C,+C+C,+..C =2"—1

(7)  C#+2C +3C,+4C +..+(n+1)C =(n+2)2""!

’—WL&'S Remember

° Step (I) Foundation : To prove P(1) is true

Step (IT) Assumption : To assume P(k) is
true.

Step (III) Succession : To prove that P(k+1)
1s true.

Step (IV) Induction :P(n) is true for all
n e N.

° Ifa,b e R and n € N, then
(atb)*="C, a"b"+"C, a*'b'+"C, a**b*+....

4+ nCn a() bn
(a=b)"="C, a*b"—"C, a"'b'+"C, a**b’....
+ (_1)nnCn a()bn

e  General term in the expansion of (a+b) is

t, ="C ab’

° If |X] <1 and n is any real number then

(1+x)" = 1+ nx+ n(g_ Dy, n@=Dn-2) F...

3!
(1+x)"= 1—nx+ n(r; Dy _n@= 13)?1 Doy

e CH4CHC,+..+C =2

e C4CHC,+CH....
=C,+C+C,+CH..=2"




MISCELLANEOUS EXERCISE - 4

)

(1)

)

3)

(4)

()

(6)

(7)

(8)

)

(10)

Select the correct anwsers from the given
alternatives.

The total number of terms in the expression
of (X+y)!%+ (x—y)'? after simplificationis :

A)50 B)51 C)100 D)202

The middle term in the expansion of (1+x)*"
will be :

A) (n—1)™ B)n™ C) (n+1)" D) (n+2)n
In the expansion of (x>—2x)'°, the coefficient
of x'¢is

A)—1680 B) 1680 C)3360 D) 6720

The term not containing X in expansion of

(1-X)? (x%) is

A) 11C5 B) IOC5 C) 1oc4 D) IOC7

The number of terms in expansion of
(4y+x)*—(4y—x)°

A)4  B)S C)8 D)9

The value 14Cl + 14C3-|- 14C5+ ..... + 14C  is

A)2-1 B)2“-14 ()2 D)2°-14

The value ''C,+ "C + "C + ''C, is equal to
A)21°-1 B)21°-11 C)2%12 (D)2'9-12

In the expansion of (3x+2)*, the coefficient
of middle term is
A)36  B)54

C)81 D)216

The coefficient of the 8" term in the
expansion of (1+x)'is :

A)7  B)I120 O)C, D)210

Ifthe coefficientof x> and X in the expansion
of (3+ax)’ are the same, then the value of a
is

7 9 7
A)-= B)-= C)=
)5 B3 05

1
(1)

(ii)
(iii)
(iv)

2)

€)

(4)

()

(6)

(7)

(8)

Answer the following.

Prove, by method of induction, for all
neN

8+ 17+26+ ...+ (9n—1) = % (9n+7)

2+ 42+ 72+ .+ (3n-2) :% (6n>-3n 1)

24+32+42°+ ..+ (nt1)2™'=n. 2"

1 2 3 n
+ + ot
345 456 5.6.7 (n+2)(n+3)(n+4)
n(n+1)
~ 6(n+3)(n+4)

Given thatt . =5t — 8, t = 3, prove by
method of induction that t = 5" +2

Prove by method of induction

3 4 :2n+1 —4n VneN
I -1 n —2n+1
Expand (3x? + 2y)’
4
Expand (% —ij
32X

Find third term in the expansion of

4
9x? _y_3
6

Find tenth term in the expansion of

12
(ZXZ + lj
X
Find the middle term (s) in the expansion of
6
(i) (E _ i) (i) (x - LJ
3 2a 2y

(i) 022y (iv) [ﬁ_LJ
2 3x

10




)

(1)

(i)

(10)

(11

(i)
(if)
(iii)
(12)

(13)

(14)

(15)

Find the coefficients of

9
X® in the expansion of (3)(2 — Lj

3X

18
. . 1
X in the expansion of [—2 +x*
X

Find the constant term in the expansion of

m[é&+§ﬂ m)@ﬁ—iJ

Prove the following by using by method of
induction

log x*=nlog x,x>0.neN
152™1+1 is divisible by 16, for alln € N.
5% — 22 g divisible by 3, for alln € N.

If the coefficient of X!¢ in the expansion of
(x* + ax)'? is 3360, find a.

If the middle term in the expansion of

b 6
[)H__j is 160, find b.
X

Ifthe coefficientof x> and X* in the expansion
of (3 + kx)° are equal, find k.

If the constant term in the expansion of

\ k 11 )
X +—| 18 1320, find k.
X

\/
’0

(16)

(17)

(18)

(19)

(20)

21

(22)

(23)

(24)

(25)
(26)

*

>

L)

Show that there is no term containing X° in

11
. 3
the expansion of (Xz ——) .
X

Show that there is no constant term in the
x2Y
expansion of (2x - :J

State, first four terms in the expansion of

_%
(1 ZXJ
3

State, first four terms in the expansion of
(l_x)—1/4

State, first three terms in the expansion of
(5+4x)1”

Using binomial theorem, find the value of

3/995 upto four places of decimals.

. ) 1
Find approximate value of —— upto four
places of decimals. 8

Find the term independent of X in the in
2 6
expansion of (1 —x?) (X + ;j

(a+bx) (I —x)*=3 -20x +cx* + ..... then
find a, b, c.

The 3™ term of (1+x)" is 36X>. Find 5™ term.

Suppose (1+kx)" = 1-12x + 60x> — .... find
k and n.

*

4

L)




