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9 DIFFERENTIATION
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: N/% Let's :Learn

e  The meaning of rate of change.

e Definition of derivative and the formula
associated with it.

e Derivatives of some standard functions.

e Relationship between
Differentiability.

Let's Recall

e Real valued functions on R.

Continuity  and

e  Limits of functions.

e  Continuity of a function at a point and over
an interval.

9.1.1 INTRODUCTION :

Suppose we are travelling in a car from
Mumbai to Pune. We are displacing ourselves
from the origin (Mumbai) from time to time. We
know that the average speed of the car

B Total distance travelled
" Time taken to travel that distance

But at different times the speed of the car can be
different. It is the ratio of a very small distance
travelled, with the small time interval required to
travel that distance. The limit of this ratio as the
time interval tends to zero is the speed of the car
at that time. This process of obtaining the speed
is given by the differentiation of the distance
function with respect to time. This is an example
of derivative or differentiation. This measures
how quickly the car moves with time. Speed is
the rate of change of distance with time.

When we speak of velocity, it is the speed with
the direction of movements. In problems with
no change in direction, words speed and velocity
may be interchanged.

The rate of change in a function at a point with
respect to the variable is called the derivative of
the function at that point. The process of finding a
derivative is called differentiation

9.1.2 DEFINITION OF DERIVATIVE AND
DIFFERENTIABILITY

Let f(X) be a function defined on an open interval
containing the point ‘a’. If

lim
5x—0

( fla+8x)— f(a)j exists, then f is said to
0x

be differenticble at X = a and this limit is said to
be the derivative of f at a and is denoted by f '(a).

We can calculatederivative of ‘f * at any point X in
the domain of f.

Let y= f(X)be a function. Let there be a small
increment in the value of “X’, say 6X then
correspondingly there will be a small increment
in the value of'y say oy .

T y+0y=f(x+0x)
L oy=f(x+0x)—y

Oy=f(x+6x)-f(x) ..[ v y=f(x)]

As 0Xxis asmallincrement and 6X # 0, so dividing

o Sx)—
throughout by 6%, we get Oy _ J(x+6x)— f(x)
ox ox

Now, taking the limit as X — 0 we get

ox

ox—0 ox—0

ox

lim (51): nm(f(“fsx)—f(x)j




If the above limit exists, then that limiting value
is called the derivative of the function and it is

symbolically represented as, %
X

dy
——=f'(x
SOdX (X)

We can consider the graph of f(x) i.e.
{(X,y)/y=1(X)} and write the differentiation in
terms of y and X

NOTE : (1) If y =f(x) is a differentiable function

of X then lim (5—)}] = Q and

=0\ 6x ) dx
lim(f(x_'_éx)_f(x)j:fv(x)
5x—0 ox

(2) Let ox=h, Suppose that

hm(f(ﬁh)—f(a)

j exists. It implies that
h—0 h

h—0 h h—>0" h

. (f(a+h)—f(a)j . (f(a+h)—f(a))

lim

( fla+h)—f (a)j is called the Left Hand
h—0"

h Derivative (LHD)atx = a

lim ( flarh-t (a)j is called the Right Hand
h—=0 h Derivative (RHD)atx = a

Generally LHD atx = a is represented as f (")
or Lf'(a), and RHD atx = a is represented as
f'(@)orRf'(a)

9.1.3 DERIVATIVE BY METHOD OF
FIRST PRINCIPLE.

The process of finding the derivative of a function
from the definition of derivative is known as
derivatives from first principle. Just for the sake
of convenience dx can be replaced by h.

If f(x) is a given function on an open interval, then
the derivative of f(X) with respect to X by method
of first principle is given by

f(x+h)—f(x)j:ﬂ
h dx

/()= lhing(

The derivative of y = f(X) with respect to X atx =a
by method of first principle is given by

f(a+h)—f(a)j:(d_yj
h dx )x

=da

(@)= ;11156(

9.1.4 DERIVATIVES OF SOME
STANDARD FUNCTIONS

(1) Find the derivative of X"w. 1. t. x. for neN

Solution :
Let f(x)=x"
f(x+h)=(x+h)"

By method of first principle,

f’(x):}li_lg)(f(x-'_h}z_f(X))
f'(x)z}li_%(W]

[xn +"Cx" h+"CX" R e+ B =X j
h

i [ PCCX" "G +CX"R A BT
) h
= Jim (mx" +"Cx" P +"Cx"

= nx*'+0+0+..+0(ash—0,h#0)

saff(x) =xo, f(x) = nx»!




(2) Find derivative of sinX w. r. t. X.

Solution :
Let f(x) =sin X
f (x+h) =sin(x+h)
By method of first principle,
f(X+h)—f(x)j
h

110 = ,gig%[

J'(x) = lim >

(2x+hj . (hj
2cos .sin| —
. 2 2
lim

h—0 h

(sin(x +h)— sinxj

I
[\®)
=
=
(@]
o
w2
7\

; sin(
2 lim cos (x + —j lim
h—0 2

- 2cosx.(1)(l ....... im [ S0 |
2 0—-0 pQ

-, if f(x) = sin x, f () = cosx

(3) Find the derivative of tan X w. r. t. X.
Solution:
Let f(X)=tanXx
f (x+h) =tan(x+h)

From the definition,

()= %lg})(

f(X+h)—f(X)j
h

F) = ,111_%( tan(x + h) — tanxj

h

sin(x+#4) sinx

~ lim cos(x+h) cosx
h—0 h

sin(x + /4).cos x —cos(x + /) sin x

cos(x +h).cos x

h—0 h

. sin &
= lim
h—>0( h.cos(x+ h).cos xj

. [sinh) .. 1
= lim Jim
h=>0\ h ) h—>0 cos(x+ h).cosx

- if f(x) = tan X, f'(X) = sec?x

(4) Find the derivative of sec X w. 1. t. X.

Solution:

Let f(X)=secXx
f (x+h)=sec(x+h)

From the definition,

f’(x)zil%(f(ﬁh;),_f(m)

F) = }Zi_%(sec(x+izl)—secx)
1

i cos(x+#h) cosx

750 I



cos x —cos(x+ h)

cos(x +h).cos x
h—0 h

. (2x+hj ) (—h]
—2sin .sin| —
2 2

h—0 h.cos(x+ h).cos x

) (2x+hj
sin
2

(3
B h=>0| cos(x+h).cosx h—>0 h (5)
2

- 25113x.(1).(1j ....... im [ S0 |
cos” x 2 0-0{  po |

- if f(x) = sec X, f(X) = secx tanx

(5) Find the derivative of log X w. . t. X.(Xx > 0)

Solution:
Let f(x)=Ilogx
f (x+h)=1log(x+h)

From the definition,

f(x)= hm

(f(Hh)—f(X)j
h

L) = %1_% ( log(x + h;l — log(x)j

(x+hj
log
N

|
>
4
S
iyl

s iff(x) =log X, f'(x) = —

(6) Find then derivative of a* w. . t. X. (2> 0)

Solution:
Let f(x)=a"

f(x+h)=a*"

From the definition,

= jim (f(x+ - f(X))
a(x+h) e
S'(x) = }}_%[TJ

’ X T ax—l .
f'(x)=a"loga......... {Pg})( . j—loga}

- iff(x) = &, f'(x) = atloga




Try the following

() If 7(x)= Ln , for X # 0, neN, then prove that
X

, n
S(x)= —F

(2) If f(x) =cos X, then prove that
f'(X) =—sin X

(3) If f(x) =cotX, then prove that
f'(X) = —cosec’x

(4) If f(x)= cosec X, then prove that
f'(X) = —cosecx.cot X

(5) If f(x)=¢e*, then prove that f'(x)=¢"

: SOLVED EXAMPLES:

Ex. 1. Find the derivatives of the following from
the definition,

(i) /X (i) cos 2x+3) (i) 4* (iv) log(3x-2)
Solution :
(i) Let f(x)=~/x

f(x+h)=\/m

From the definition,

() = hﬁo(f(ﬁhz—f(X)J

/(@)= Jim [J;z‘li

h—0

lim
h—0

NesTis \/—hf]
h Jx+h+x

~ lim x+h—x
D (x4 +%)

- h

- }:%Lh(\/x+h+\/_)]

- %%(m+fj .[As h=>0, h 0]
L

24x

(ii) Let f(x) = cos (2x +3)

f(x+th) = cos (2(x+h)+3) =cos ((2x+3)+2h)

From the definition,

fW)lm{f@+2—fwg
£1(x) = 11_1)1% [ cos[(2x+3)+ 2hh] —cos(2x+ 3)}
| 2sim (Wj sin(h)
- :
- lim ~2sin(2x + 3+ h)sin(h) ]
h—0 A

= lim[-2sin(2X +3+h)] lim (Sm hj
h—0 h—0{ h

= [22sin(2x+3)](1)....... [ lim ( sin 6 j - 1}

0

_  —2sin(2x+3)

(iii) Let f(x)=4"
f (x+h)=4%"

From the definition




oy — i [ SR = f(X)
f(X)—}llg})( P J

, ) 4x+h _ 4)6
f@»¢gﬂ——;—{

X/ ah
— lim [M]
h—0 h

h
— 47 lim(4 _lj
h—0 h

x J—
= 4" log4...... [ lim ( a
x—0 X

(iv) Let f(x)=1log(3x—2)

Joud]

f (x+h)=1log[3(x+h)—-2]=log[(3x—2)+3h]

From the definition,

f@)lm{fu+m—qu

h

P = %ii%( log[(3x —2) +3h] — log(3x — 2))

h

109((3x_2)+3hj

. 3x-2
= lim
h—0 h
log(1+ 3h )
. 3x—-2
= lim
h—0 h
log(l+ 3h j
= lim 3X=2) | [ 3
h—0 3h 3x—2

Ex. 2. Find the derivative of f(X) = sin X, at
X=r
Solution:
f (X) =sinXx
f(ry=sint=0
f(r+h)=sin(nr+h)=—sinh
From the definition,

fw)lm{fw+2—qu

f(ﬂ_)_ hm[f(ﬂ-i-h)_f(ﬂ)J

h—0 h
. —sinh-0 . sinh
lim| ———— |=lim| —

h—0 h h—0 h
1 sinh
a0l
o ()

Ex. 3. Find the derivative of X* + X+ 2 ,at
X=-3

Solution :
Let f(X)=Xx*+X+2

Forx = —3, f(-3) = (37—
=3

3+2=9-3+2

F(=3+h)=(=3+h)?+(=3+h)+2
—h? —6h+9-3+h+2=h>—5h+8

From the definition,




f(a+h)—f(a)]

J(a)= ;1113%( .

[f(—3+h)—f(—3)j
h

. [h2—5h+8—8J
hm _—
h—0 h

. (hz—shj
= lim
h—0 h

£'(=3) = lim

h—0

= lim(h=5)....[h—>0,h 0]

9.1.5 RELATIONSHIP BETWEEN
DIFFERENTIABILITY AND
CONTINUITY

Theorem :
continuous.

Proof : Let f(x) be differentiable at x = a.
Then, f'(q)= lim(f(a+h)—f(a)j ........... (1)
h—0

Every differentiable function is

h

we have to prove thatf(x) is continuous at x = a.

1.e. we have to prove that li_r)n f(x)= f(a)
X—>a

Letx=a+ h, x—>a, h—0

We need to show that

lim f(a + h) =f(a)

The equation (1) can also be written as

lim(f(a+h2—f(a)j

=lim /()

Ash—0, h#0

Multiplying both the sides of above equation by
h we get

: Sfla+h)—f(@))|_; \
i o[ LB il o
lim [f(a + h) - f(a)] = 0[f"(a)] = 0

o lim f(a +h) =f(a)

This proves that f(x) is continuous at X = a.
Hence every differentiable function is continuous.

Note that a continuous function need not be
differentiable.

This can be proved by an example.
Ex.: Let f(x)= |X| be defined on R.

for x<0
for x>0

f(x) = -x
= X

Consider, lim f(x)= lim (-x)=0
x—0 x—0

Jig 109 = i (=0
For, x = 0, f(0) = 0
Jim 7 (x)= lim (x)=f(0)=0

Hence f(x) is continuous at X = 0.

Now, we haveto prove thatf(x) is not differentiable
atx = 0i.e. f'(0) doesn’t exist.

1.e. we have to prove that,

(f(0+h)—f(0)j¢ . (f(0+h)—f(0)j
h

h—07" h

lim
h—0~

We have, L. H. D. atx=0, is f'(0")

. (f(0+h)—f<0))

h—0~ h
= lim (_—hj = lim (-1)
h—0~\ h h—0~
£0) = =1 e (1)

Now, R. H. D. atx=0, is f'(0")




. (f(0+h)—f(0)j
h—07" h

f'(0") =
Therefore from (1) and (II), we get
f'(07) = £'(0") that is

. (f(0+h)—f(0)j¢ . (f(0+h)—f(0)j
h—0~ h h—0" h

Though f(x) is continuous at X = 0, it is not
differentiable atx = 0.

: SOLVED EXAMPLES‘j

2

Ex. 1. Test whether the function f(x)=(3x—2)3

is differentiable at X = E

Solution :
2

f(x)=(3x-2)}

(f(a+h)—f(a)j
h

Given that,

f'(a)=lim

h—0

2
Note that f (g) =0

2 2
5 2 5
= lim —(3h) =33 lim h—
h—0 h h—0| h

_ 2 1
T35 %‘3%[ 3
hS

This limit does not exist.

.. f(x) is not differentiable at x = 2
3

Ex. 2. Examine the differentiability of
f(X)=(x=2)[x=2| at x=2
Solution : Given that f(x)=(x— 2)|x - 2|
Thatis f(x)=—(x—2)* for x<2

= (x=2)* for X=2

h
. (—(2+h—2)2 —(2—2)2J

Lf,(z):hli%(f(2+h)—f(2)j

h—0- h
h2
= lim [ j: lim (—h)
 hoo | h h—0"
Lf '‘2) =0

Rf'(2)= lim

f(2+h) £(Q2) j

b ((2+h 2)h (2—2)2j

2
— lim {h j— lim (h)
h—0"{ h h—0*
RF'2) = 0
So, Lf'(2) = Rf'(2) =0

Hence the function f(x) is differentiable atx = 2.




Ex. 3. Show the function f (X) is continuous at
X = 3, but not differentiable atx = 3. if

f(x) = 2x+1  for X=3
= 16—-x> for x>3.
Solution : f(X) = 2x+1 for X<3

= 16-x* for x> 3.

Forx=3, f3) = 23)+ 1 =
lim /()= lim(2x+1)=2(3)+1=7
lim f(x)= lim(16-x") =16-(3)" =7
lim f(x)= lim f(x)=7()=7

". f(x) is continuous at X = 3.

VACRRORIAC)
Lf'(3)= hm ( P j

_ lim 2(3+h)+1—7}
h—0 h

. 6+2h+1—7j
= llm _
h—0 h

= lim 2—hj = lim(2)

h—0{ h h—0
LE'B) = 2 e (1)
RFG)= lim [f(3+h>—f(3>j
—0* h
. [16=B+h?*-7) . (16-9-6h—h>-7
). s
. (—h(6+h .
(TG i)
RF'G) = =6 oo, )

from (1) and (2), Lf'(3) = Rf'(3)

.. f(x) is not differentiable atx = 3.

Hence f(x) is continuous at X = 3, but not
differentiable atx = 3.

Ex. 4. Show that the function f(X) is differentiable
atx=—-23 where, f(X)=Xx"+2.
Solution :

3, f(-3)=]

For x =

lm(f(—3+h)—f(—3)j
—0 h

h—>0

(- 3+h) +2- 11}

—0

it
(

_ lim(h- 6)

h—0

i (9 6h+h2+2 11}

(+h—0, h # 0)

f'(=3) exists so, f(x) is differentiable atx = —3.

( EXERCISE 9.1 J

(1) Find the derivatives of the following w. r. t. X
by using method of first principle.

(@) X*+3x-1 (b) sin (3%)
(c) e (d) 3 (e) log(2x+5)
(f) tan (2x +3) (g) sec ( 5x —2)

(h) x/x

(2) Find the derivatives of the following w. r. t. X.
at the points indicated against them by using
method of first principle
(a) V2X+5atx=2 (b)tanx at x=7x/4
(c) 2" atx=2 (d) log(2x+1) atx=2

(e)e* *atx=2

(f) cosx atx = 57?




(3) Show that the function f is not differentiable
atx =-3,
where f(x)=x*+2 for x<-3

=2-3x for x>-3

(4) Show that f(Xx)=x’is continuous and
differentiable atx = 0.

(5) Discuss the continuity and differentiability of
(i) f)=x|xatx=0

(i) f(x)=(2x+3)|2x+3|atx=-3/2

(6) Discuss the continuity and differentiability of
f(x) atx =2

f(x)=[x] if xe[0,4).

greatest integer ( floor ) function]

[where [*] is a

(7) Test the continuity and differentiability of
f(x) = 3x+2 if x > 2

= 12-x*if x<2 at x=2.

8) If f(x) = sin x — cos x if X<7x/2
=2X—-m+1 if X> /2. Test the continuity
and differentiability of fatx=7/2

(9) Examine the function
f(x)=x’ cos(l), for X#0
X

=0, for x = 0

for continuity and differentiability atx = 0.

9.2 RULES OF DIFFERENTIATION
9.2.1. Theorem 1. Derivative of Sum of functions.

If uand v are differentiable functions of X such
dy du dv

that y=u+v then —=—+—
> dx dx dx

Proof: Given that, y=u+v where U andvare

differentiable functions of X

Let there be a small increment in the value of
X say o&x then uchanges to(u+du)and Vv

changesto (v +&Vv)respectively, correspondingly
y changes to (y+5Y)

" (y+5y) = (u+6u) + (v+5v)
Loy = (u+5u) + (v+5v) -y
Loy

(u+3u) + (v+5v) - (u+v)

[~y =u+v]
S 0y=0u+ov

As OXis small increment in X and oX#0,
dividing throughout by x we get,

Q_5u+5v_5_u+ﬂ
ox ox ox Ox

Taking the limit as X — 0, we get,

. oy ) ou oOv
lim | = |= lim | —+—
5x—0 6x o6x—0 5x 5x

lim (5—)}): lim (5_uj+ lim (Q) ...... )
ox—0 5x ox—0 5x ox—0 5_x

Since u and v are differentiable function ofX

- lim (&’j:@ and lim (ﬁ)—@ )
ox—0

5 dx sx-0\ §x ) dx
lim Sy = du + a [From (I) and (II)]
0x—0\ ox X dx
ie. _du_dv
dx dx dx

9.2.2 Theorem 2. Derivative of Difference of

functions.

If uand v are differentiable functions of X such
dy du dv

that y=u-Vv then — =
’ dx dx dx

[Left for students to prove]




Corollary If u,v,w...are finite number
of differentiable functions of X such that
y=kuztkvkw=t ...

then & =k, @ﬂc @ﬂc dw

dc  dx o Cdx dx

9.2.3 Theorem 3. Derivative of Product of
functions.

If u and v are differentiable functions of X such

d d di
that y = uv then & =4 @ 4,
dx dx  dx
Proof : Given that y =uv

Let there be a small increment in the value of X,
say 6x, then u changesto(u+d6u)and v changes
to (v + 5v) respectively, correspondingly Y
changes to (y+3Y)

Lytsy = (u+8u)(v+5v)

w8y = (u+du)(v+ov) —y

0y = uv tudv+vou+oudv — uv
0y =udv+vou+ou.dv

As OXis small increment in X and 6X # 0,
dividing throughout by 6X We get,

5_y _udv+véu+oudv ov ﬁ oudv

= —tv—t
ox ox ox ox Ox

Taking the limit as 0X — 0, we get,

. oy : ov  Odu oudv
Iim| —=|=lm|yu—+v—+
Oox—0 6x ox—0 5x 5x 6x

u lim (ﬁj+v lim (g—uj+ lim [5—uj lim (5v)
ox—=>0\ 5x ox—=>0\ Sx ox—=0\ §x /6x—=0

Given that, U and v are differentiable functions ofX

) ou du ov) dv
Solim | — and lim | — [=— (2)

lim [0 |2y @Yy A1, )
x>0 ox dx  dx dx
[From (1) & (2)]
. lim oy :uﬂ+v@
6x—=0\ Sx dx  dx

dy dv du
1 C. —=y—+y—
dx dx dx
Corollary If u,vandware differentiable

functions of X such thaty = uvw then

dy aw dv du
=uv—+uw—+vw
dx dx dx dx

9.2.4 Theorem 4. Derivative of Quotient of
functions.

If u and vare differentiable functions of X

such that

du dv
Ve —u-—
&y de  dx

yzgwhere v # 0 then 5
Vv dx %

. u
Proof : Given that, y=—, where U and Vv are

differentiable functions of’X

Let there be a small increment in the value of X
say &xthen U changes to(u+d6u)and Vchanges
to (v+Jv)respectively, correspondingly Y

changes to(y +5Y)




Loy U _u [ vy ¥ }\
v+ov v

Sy v(u+ou)—u(v+0ov)  vu+vou—uy—udv
B (v+ov)y (v+ov)v

_vou—udv
4 (v+ov)v

As Oxis small increment in X and J6x#0,
dividing throughout by o6x We get,

ou  Ov
8y _ vou-udv _V'a ua
ox ox.(v+ov)v V.S

Taking the limit as X — 0, we get,

ou ov

Vi——U—

lim (g_yj: ox ox
6x—0 5x 6x—0 V2+V5V

V2 +v. lim (6v)
ov—>0
Since, U and V are differentiable functions ofX

. ou du ) ov dv
lim | —|=—and lm | — [=— ... (2)
ox—0 6x dx ox—0 5x dx

du dv
Voo —U.——
lim [5_)}] _ _dx  dx ..[From(l)and (2)]
Sx—>0\ Sx V2 +1.(0)
du dv
. S Ve —u——
“ lim (_yj _ _dx  dx
ox—=>0\ Sx vz
du dv
Vo —y—
le. dy " dx  dx

: SOLVED EXAMPLESj

Find the derivatives of the following functions

3
Ex. 1. 1) y= X? + logx — COSX
e -5
e“+5

2) f(x) = X’ cosecx + VX tanx 3)y=

X Sin X
Dy= X+sin X

Solution :

3
1) Given, y= X*+ logX — COSX
Differentiate wr.t.x.

dy d
d_y = (X* + logx — COSX)
X X

3

S, d d
=— (X*)+ — - —
o () + = (log) — - (cosx)

1

3 5,1 .
== X2 + = _ (-
> +X (= sin x)

3

1 i
X+ =+
o T3 VXt tsinx

2) Given f(x) = X’ cosecx + VX tanXx
Differentiate wr.t.x.

d
f*(x)= = (X® cosecx + JX tan X)
X
d d
= — (X5 cosecx) + — (/X tanXx)
dx dx
=X x a (COSECX) + COSeCcxX x 4 (%) +
dx dx

d d
X x— (tan X) + tan X x — Jx
dx dx

= Xx (—COSeCX x COtX) + cosecx x(5x*) +

JX x (secx) + tan X x (ﬁ)




= —x° cosecx.cotx + 5x* cosecx -+

1
JX x (sec2) + —— tan X
(S0 + T %

) e -5
3) Given thaty = ( x+5j
e

Differentiate wr.t.x.

b _d (e
dx de e +5

_(ex+5)><;i(e"—S)—(ex—S)xic(ex+5)

(e +5)

_ (e"+5).(e")—(e' =5).(e")
(e* +5)

™ +5(e")—e™ +5(e")
(e +5)

B 10e”
(e +5)2

X sin X

4 y= X-+sin X

Differentiate wr.t.X.,

dy d ( X sin X j

dx dx \ X+sinX

(x+sinx)xi(xsinx)—(xsinx)xi(x+sinx)
dx dx

(x+sinx)’

(x+sinx)x (xd (sin x) +sin xi (x)) —(xsinx).(1+cosx)
dx dx

(x+sinx)?

(X+sin X).(Xcos X +sin X) — (X sin X).(1+ cos X)
- (X +sin x)*

. X% cOS X+ Xsin X + Xsin X cos X +sin’® X — Xsin X — X sin X cos X
(x+sin x)*

X% cos X +sin’ X

(X+sin X)?

Ex.2) Iff(x)=ptanX + g sin X+ 1, f(0)=—4\/§,

¢ (%j: _7\/§’ £ (%jz 3 then find p, q

and r.
Solution :
Given that f(X)=ptanx+qsinx+r (D)
f’(X) = p sec® X + g cos X .2
f(0) =—4+/3
putx=0in (1)
fO)=ptan0+qsin0O+r=r .. =—4\/§

f(%jz—%/i,

.. from (1) p tan (%J + ( sin (%j +r=-73

pV3+q %—«f =73 . 2p+q=-6..03)

f’ (EJ -3
3"
T T
.. from (2), psecz(gj + gcos (gj =3

4p+%=3 S 8p+Qq=6 (%)

(4)—(3)gives6p=12 .. p=2,putp=2in(3),
wegetq=-10 .. p=2,q=-10andr=—-4+/3

9.2.5 Derivatives of Algebraic Functions

Sr.No. f(X) f'(x)
01 c 0
02 G nx"™!
03 1 _n

X” Xn+1
04 x b
2%




9.2.6 Derivatives of Trigonometric functions

St.No. | y=f(x) dy/dx =f"'(x)
01 sin X cos X
02 cos X —sin X
03 tan X sec’ X
04 cot X — cosec? X
05 sec X sec X tan X
06 cosec X — cosec X cot X

9.2.7 Derivatives of Logarithmic and
Exponential functions

Srt.No. | y=f(Xx) | dy/dx=f"'(x)
01 log x 1/x
02 e e
03 a* a‘loga
( EXERCISE 9.2 J

()  Differentiate the followingw.r.t.x

4
1) y=x3+e—sinX

2) y= X+ tanx — 3

3
3) y=logx—cosecX+ 5——7
X2
7 4

4) Yy =x3+5x5 —

>§.\N|U‘

5) y=7x+x7—§X\/;—logX+77
6) y=3cotx—5e*+ 3logx — i}
x4
(I) Differentiate the following wir.t.X.

1) y=xtanX

2)  y=x'logx

3) y=(X*+2)sinX

4) y=-¢e*logx

3

5)  y= x2 eYlogx

(111

V)

V)

(VD)
(1)

6) y=loge‘log x*
Differentiate the following wr.t.X.

1) y=x? Jx +x*logx

5
2) y=e’secx —x3 logx

3) y=X4+X\/;cosX—XzeX
4)  y=(-2)tanX—Xcos X + 7*X’
5) y= sinx logx + €*cosx — e/x

6) y=e*tanXx + cos X log X — Jx 5

Differentiate the following wr.t.X.
x*+3
5 B \/; +5
) ¥y= S5
xe"
3) y= x+e'
xlog x
Hoy= X+ log X
s B x* sin X
) y= X + €os X
6 B S5e* -4
) y - 3ex _2

(1) If f(x) is a quadratic polynomial such
that f(0) =3,f'(2)=2 and f '(3) = 12

then find f(X)

(2) Iff(x)=asinx-b cosx, f '(%j -

T
and f' (g = 2, then find f(x).
Fill in the blanks. (Activity Problems)

y = e*.tanx
diff. w.r.t.x.




i = 4 (e* tanx)
dx dx

d d
=[]—tanx+tanx—
I:ldx de

=00+ tan x-OJ
=e'[0+0]

5 _sinX

diff. w.r.t.x.

Di(sin X) —sin XiD
dy —dx dx

dx (x> +2)°
OO -sinX[]
(x> +2)°

_g-a
(x> +2)°

3) y=(3x*+5)cos X

Diff. w.r.t.x

dy_drie

dx—dx[(3x +5)cosx]
(322454 d
—(3x +5)dx[ O ]+cosxdx[ O ]

:(3x2 +5) [ O J+cosx[ O ]

Z—;=(3x2 +5) [ O J+[ O Jeosx
4)  Differentiate tan X and sec X w.r.t.x. using
the formulae for differentiation of % and %

respectively.

Brief idea of L’ Hospital Rule

Consider the functions f(x) and g(x),

If limfx) = 0 and M gx) = 0 and if

X—a

}g{}f 'X) = p and liMg(x) = q where q # 0

xX—a

S0 S0 _p
then M0 ) T g g

It !}Ej g'(x) = 0, then provided

. . f '(X)
lim fx) =0, we can study lim —>~2
x—a ( ) ’ y x—a g'(X)

using the same rule.

Ex.lzlnn(“ix]
X—0 X

Here f(x) = sinx, M f(x) =0 and

7 x>0

g0 =¥, M g(x) =0

> x>0
f'(x)=cosx, M f'(x)=cos0=1=0
g'(x) = 2x, I /() =2(0) = 0

7 x>0

Since 1}2} g'(x) = 0. L’ Hospital Rule cannot
be applied.

lim x> —7x+10
EX’Z:XA)Z X2+2X_8
Here f(x) = x> - 7x + 10, lxlirzl f(x) =0 and g(Xx)
=X +2x -8 lm gx)=0
frx)=2x-7, M f1x)=22) - 7=-320

g'(x) =2x +2, Im gx)=2(2) + 2 =6 %0,

7 X2

So L ‘Hospital’ s rule is applicable.

I X =7x+10
" hm N R —
X +2X-8

. {2x—7} -3 1
= 11m =
2X+2

[%%Let's Remember

. f(x) is differentiable a x = a if

Lf'(a)= Rf'(a)




D

)

Derivative by First Principle :

o= tim 1M1

Derivatives of standard functions :

dy
= —_— f 4 X
y=1(x) ax — e
C(constant) 0
X" nx"t
1 __n
Xn Xn+1
Jx .
2Jx
sin X Cos X
cos X —sin X
tan X sec? X
cot X —cosec? X
sec X sec X tan X
cosecxX —cosecX cot X
1
log, X 0
log, X 1
xloga
ex ex
ax a*loga
u£v u v
uv uv’ +u'v
u vu'—uv’
v V2

MISCELLANEOUS EXERCISE-9

Select the appropriate option from the
given alternative.

X—4 a’y

Ify= m , then a

A) —— gy X
W B oy
) —= D) ———
© 7% ()(\/}+2)2

2)

3)

4)

S)

6)

ax+b

@ro @ _
cx+a”then dx

Ify=

ab—cd ax—c
(A) (cx+—a’)2 (B) (cx+d)’

ac—bd ad —bc
C) —— D) ——=
O aray P lavay
Iy — 3X+5 N Q B
Y= axgso then e =
15 15

(A) T Gx15)7 (B)  (4x+5y

C - 5 D _L
Iy — S5sinXx—2 N @ B
y= 4sinx+3’t en dx
7 cos X 23 cos X
A) oo —
(4sin X +3) (4sin X +3)
7 cos X 15cos X
O O
(4sin X+3) (4sinX+3)

Suppose f(x) is the derivative of g(x) and g(X)
is the derivative of h(x).
If h(x) = asin X + bcos X + ¢ then f(x) + h(x) =

(A)0 (B)c (C)-c (D)—2(asin + b cosx)
Iff(x)=2x+6 for0<x<2

=ax>+bx for2<x<4

1s differentiable at X = 2 then the values of

a and b are.
3
(A)a=—=,b=3 (B)azz,b=8
1
(C)a=5,b=8 (D) a=—=,b=38




7) IffX)=x*+sinx+1 forx<0
=x2-2x+1 for X < 0 then

(A) f is continuous at X = 0, but not
differentiable atx =0

(B) fisneither continuous nor differentiable
atx=0

(C) f is not continuous at x = 0, but
differentiable atx =0

(D) fis both continuous and differentiable

atx=0
XSO X49 X48 X2
8) If, fX) =—+—+—+. .. +—+X+1,
50 49 48 2
then f'(1) =
(A)48  (B)49 (C) 50 (D) 51

1))

(1) Determine whether the following function is
differentiable at X = 3 where,

fx)=x>+2 ,
=6x -7 |,

for x>3
for x<3.
(2) Find the values of p and q that make
function f(x) differentiable everywhere on R
f(x)=3-x , for x<1

=px’+0qx , for x>1.

(3) Determine the values of p and g that make
the function f(X) differentiable on R where

f(x)=px’ , for x <2

=x+q for x>2.

0

(4) Determine all real values of p and q that
ensure the function

f(X)= px+qfor, x<1

= tan (%Xj, for 1 <x <2 is differentiable at
=I.
(5) Discuss whether the function

f (x) =|x+1]+|x~1] is differentiableVx € R

(6) Test whether the function
f(xX)=2x-3 for x>2
= X—1, for x<2
is differentiable atx = 2.
(7) Test whether the function

f(xX)=x>+1 for x>2
=2X+1, for x <2

is differentiable atx = 2.

(8) Test whether the function
f(x)=5x-3x> for x>1
=3—x,for x<1

is differentiable atx = 1.
(9) Iff(2)=4, f'(2)=1 then find

[Xf(z)—Zf(x)}
X—2

lim
X—2

X

10) Ify= < ﬁndﬂwhenXZI.
Jx T d

X

o0




