4. DEFINITE INTEGRATION

—_—

\: Let us Study J

e Definite integral as limit of sum.

¢ Fundamental theorem of integral calculus.

e Methods of evaluation and properties of definite integral.

4. 1 Definite integral as limit of sum :

In the last chapter, we studied various methods of finding the primitives or indefinite integrals of

b

given function. We shall now interprete the definite integrals denoted by I f (X) dx, read as the integral

a
from a to b of the function f (X) with respect to x. Here a < b, are real numbers and f (X) is definited on

[a, b]. At present, we assume that f (X) > 0 on [a, b]

and f (X) is continuous.

b
J f (X) dx is defined as the area of the region

bouniled by y = f (X), X-axis and the ordinates X = a
and x = b. If g (X) is the primitive of f (X) then the area
isg(b)—g(@.

The reason of the above definition will be clear
from the figure 4.1. and the discussion that follows
here. We are using the mean value theorem learnt
earlier. Divide the interval [a, b] into a equal parts
by

a=X, <X <X, <...<X <X =b.

Draw the curve y = f (X) in [a, b] and divide the interval [a, b] into n equal parts by

a=X, <X <X, <...<X <X =b
n-1 n

Divide the region whose area is measured into their strips as above.

Note that, the area of each strip can be approximated by the area of a rectangle M, M

shown in the figure 4.1, which is (X _
and Q.
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The mean value theorem states that if g (X) is the primitive of f (X),

gX,.)—gkx)= (&, —x) -f(t) where X <t <X .

Now we can replace f ( T ) by f (t) given here and express the approximation of the area of the

—X) - f(t)where x <t <x_ ..

r+1

n=1
shaded region as Z (x
r=0

Now we can replace f( T ) by f(t) given here and express the approximation of the area of the
shaed region as

n=

S (% =) -f(tr)=29(xm)—g x)=9(®) -9 ()

r=

Thus taking limit as n — «©

g -g@ =, > (., —x)-f(t)
— lim S

~ n—oo Yy

b
:_[f(x)dx

a
The word 'to integrate' means 'to find the sum of'. The technique of integration is very useful in

finding plane areas, length of arcs, volume of solid revolution etc...

@ SOLVED EXAMPLES )

2
Ex.1: j(2x+5) dx

1
2 b

Solution : Given, | (2x +5) dx = [ 00 ax
1 a

f(x)=2x+5 a=1;b=2

=N f(a+rh) = f(1+rh) od  h=P—2
n
= 2(1+rh)+5
) 2-1
= 2+2rh+5 h=——
= 7+ 2rh nh=1

b o
Weknowjf(x) dx=pm, > h-f(a+rh)

a

. OO .



2

| @2x +5) dx
1

3
Ex.2: J?X dx

2
3

Solution :
2

f(x) =7
= f(a+rh)

We know

7 dx

|
|

f(x) dx =

= }f{‘mi h- (7 + 2rh)
=im, > (7h + 219
= [7h§n: 1+ 2h2§n: rj

= 15 :7h.(n) - th(n (n2+ I)H

im i 1
= :'I—m; 7nh + hznz(l + Fj:|

:3300:7 (1)+(1)Z(1 *#H

=7+1(1+0)=8

b

Given, |7 dx = [ £ (x) dx

a

a=2:;b=3
f(1+rh) and  h=

= 72+rh

= 72_ 7rh

w2 0 - f @+ rh)

11
| =

W
N

=l Yo (7 7)
= 72-§n:h -7
r=1

— lim 72_h_[7h+72h+73h+74h+.”+7nh]

~ n—w

~ noow ~ now

7h— -1

h (7(1) —
=lim 72_ M
n—oo 7h_1
h

T (7-1)  (49(1)(6) | 294
~ log7  log7

" log 7

QD

: ‘

i 72,h,[7h [y - 1] J i 72_[ (- 1)

SO

nh=1



4
Ex.3: I(x—xz) dx
0

4 b
Solution : [x=x3) dx= [ 00 ax
0 a
f(x)=x—x? a=0;b=4
= f(a+rh) = f(0+rh) and
= f(rh)
= (rh) — (rh)?
= rh—r’h?
We know [ f(x) dx = > h - [f(a+rh)]

|
|

(xX—x3)dx =im Z h - (rh - r?h?)
= lim | Z (rhz — r?he)
=m (hz -zn:r—h3-zn: rzj

~ now

2

lim _hz( n(n+ l)j_ h{n (n+1)@2n+ I)H

~ now

2

i 1 1 1
2.n. _ 3.n. _ _
im hnn[1+nj_h nn(1+njn(2+nj]

6

~ now

2

o) el o)

~ now

2

L@ (1+0)  (@(1+0)(2+0)
B 2 - 6

(69)2)
6

Cim _(4)2(1+%J - (4)3(1+%N2+%}]
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Ex.4: Isinx dx
0

2 2
Solution : I sin X dx=I f (x) dx
0 0
. T
f (X) = sin X a=0;b:?
—  f(a+rh) = sin(a+rh) - -0
= sin (0 + rh) and h= L
- : -
i n = sinrh I nh = >
Weknowjf(x)dngﬁth-[f(a+rh)]
3 r=1
2
j sin x dx —:{ﬂth-sinrh
0 =1
ZEﬂwh-Zsinrh
ZETMh-[sinh+sin2h+sin3h+...+sinnh] ..(D
Consider,

Zsin rh =sinh+sin 2h+sin3h + ...+ sin nh

h h h h
=2sin?-sinh+2sin7-sin2h+2sin7-sin3h+...+2sin?-sinnh
2sin A - sin B=cos (A—B) —cos (A + B)

. h & . ho = h 3h 3h 5h 5h 7h
2s1n?-z; sin r =|| cos 5 T CosS 5 | 4| COS 5 T COS 5 | 4| COS " T COS T |+ ...

SNC N mETY

_[ooh 2n + 1 h
= _COS7 COS 2

: [ h 2nh h
= 0052 Ccos 5 +7
[ m,h g he T
= COS?—COS 74'? . nn = 2

h
cos - t sm7

/
. O@O .
AN




h e h
cos &+ sin o

rZ:sinrh = - h
Sll’l?

Now from I,

2 n
I sin X - dx :L‘Eth-sinrh
=1

0

h ~h

] 0037 + sm?
— m h .
n—oo h

2 sin7

T 1
nh:Z asn—>oo:>h—>0(F—>0J

h e h
. oS + sin—-
= N> h
h—0 .
2-sm7
h

cos0 +sin0

1+0

= =1
) 1
2

2
j sinx dx =1
0

EXERCISE 4.1

Evaluate the following integrals as limit of sum.

(1) | (3x—4)dx (2) | x¥dx

4) (3x2—1) dx (5)

(3) [edx




4.2 Fundamental theorem of integral calculus :

Let f be the continuous function defined on [a, b] and if J f(x)dx=g(x)+c

b
then j f (x) dx

a

b
Thus j f (x) dx

a

b

(g0 +c|’
[(g®)+c)-(g(@@)+c)]
g(b)+c—g(@-c

g (b)- g (2)

g(d-9(@)

5
Ex. : I(xz—x) dx =
2

[ER4)
(5-9-3-%)

125 25 8 )
3 2 372

117 21 _ 234-83

In J‘ f(x) dx ais called as a lower limit and b is called as an upper limit.

a

Now let us discuss some fundamental properties of definite integration.

These properties are very useful in evaluation of the definite integral.

421

a
Property I : J f(x)dx=0
a

Let j f (x) dx

J%f(x) dx

a

g(x)+c

[g(x)+cJ:
[(g@+c)-(g(@+c)]
0

3 »13
X
Ex. xdx = {—}
J; 21
2 1P 9 1
= 2 272 274

i 3 276
151
J(xz—x)dx: 3
2
b a
Property II : j f(x)dx=— j f (x) dx
a b

Let jf(x)dx = g(X)+c

.-.jbf(x) dx= [g (x)+c]b
a [(g®)+c)—(g@+c)]

= g(b) -9
= —[g@-9g®]
= —ff(x)dx
b
Thus.kff(x)dx= —Jqf(x)dx
a b

1 2!
Ex. jxdx = {7}
3 3
1219
= 2 2" 2 2774
¢




o

b
Property III : I f(x)dx = '[ f(t) dt
a

Let jf(xa)dx = g(x)+c
LH.S. ;jbf(x) dx = [g (x)+c]:
a [(g)+c) - (9@ +c)]
b gb)-g@ ..... (1)
RHS.: [f(t)dt = [g (t)+c}z
a [(g)+c) ~(g@+c)]
gb)—-g@) ..... (i1)

from (1) and (i1)

b b
Jf(x)dxzjf(t)dt

a a
1.e. definite integration is independent of the

variable.

Ex.

Ex.

J
6

3

cos X dx

cost dt

3
|:S11‘1X:|

6
T T
SIn & 3 SlIl 6
V3 1
2 2
V3-1

2

w3
{smt}

6

b Cc
Property lV:Jf(X) dx = Jf(x) dx + jf(x) dx wherea<c<b ie.c e [a,b]
a a

Let .[f(x)dx = g(X)+c

c b
Consider R.H.S.: j f(x) dx + j f (x) dx

a C

= (g0 +c| +[g0o+c|

g () -g(
[g (x) + CJ:

JIQ f(x) dx : L.H.S.

a

b c b
Thus If(x)dx:'[f(x)dx+'[f(x)dx wherea<c<b

a a c

‘

[(g@+c)-(g@+c)]+[(g®)+c)-(g()+c)]
g)+c—g@-c+g()+c-g)-c




5 3 5
Ex.: [(@x+3)dx= [(2x+3)dx+ [ (2x+3)dx

-1 3
5

LHS.:  [(@x+3)dx

-1

2

f 5
= |25+ BX}
= 1

5
= | X2+ 3x}
1

[(5)?+3 (D] - [=1)*+3 (=1)]
25+ 15)— (1 -3)
40+2=42

Property V: [ f(X)dx = f(a+b—x)dx

=T
W —T

Let jf(x)dx = g(X)+c

b
Consider R.H.S.: J f(a+b—x)dx

a
X=a+b-t

put a+b—-x=t ie.

—dx=dt= dx=—dt

As x—>a=t—>b and X>b=t—>a
a
therefore = I f(t) (—dt)
g a
= - j f(t) dt
b
b b a
= jf(t) dt...(-.-jf(x)dx}jf(x) dx}
a a b
b
= j f (x) dx as definite
a integration is
independent of
the variable.
= L.H.S.
b b
Thus [ f(x) dx=[f(a+b—x)dx
a a

R.H.S.:

3 5
[(2x+3) dx+ [ (2x + 3) ox
-1 3

3 5
= {xz + 3x} + {xz + 3x}
1 3

= [((82+3@) (12 +3(¢D)]+
[((5)2 +3(5)) — (32 +3 (3))]

= [9O+9)—-(1-3)]+[25+15)—(9-9)]

= 18+2+40—-18

= 42

Ex.:

3
J sin? X dx
6

™3
| = [sin?x dx ...(0)
6
3 T
—_ 2 _
—Ism (6+3 dex
6
TV3‘ P
= I sin? (7—XJ dx
6
™3
| = [ costx dx ... (i)
6
adding (i) and (i1)
3 3
2I:Jsinzx dx+Jcoszx dx
6 6
3
2l = J (sin® X + cos?X) dx
6
0% 3
2I:J1 dx:{x}
6 6
T M T i
A=3-%% =1
™3
) m
J.smzx dx—ﬁ
6

= &



a a
Property VI : j f(x) dx = j f (a—x) dx
0 0

w4
Ex. : J log (1 +tanx) dx
0

_ 4
Let Jf(x) = gh)+e Let Jlog (1+tanx) dx ...(J)
a 0
Consider R.H.S.: j f(a—x) dx 7S -
0 I =J10g 1+tan[z—xﬂdx
0 L
put a—x=t ie. X=a—t
r T
—dx=dt=dx=—dt 4 tanZ—tanx
= j log|1+ dx
As X varies from 0 to a, t varies from a to 0 ; T
0 I 1+ tanZ-tanX
therefore I = f(t) (—dt) i
J; = Tj~/41 1+ m d
9 - )08 T+tanx | &
= - j f(t) dt ot
@ Ml _1+tanx+1—tanx} d
a b a - og
= jf(t)dt...Uf(x)dx:—jf(x)dxj o I+ tan x
0 a b W o
a = | log —} dx
= [ 100 dx as definite oj |1+ tanx
0 integration is w4
independent of B 6[ [log 2 ~log (1 +tanX)] dx
the variable. i 4

Thus

a

L.H.S.

a

.[f(x)dx='[f(a—x)dx

0

0

:J(10g2) dX—J
0 0

4
I =(log2) |1 dx—1
0

log (1 +tan x) dx
...by eq. (i)

-4
[+1 =(log2) X}

'
21=(log2) ——O}

| = = (log 2
= ¢ (log2)

Thus

w4 -
J log (1 +tanx) dx= 3 (log 2)
0

.



Property VII :

0

2a a
f(x)d f(x)dx+ | f(2a—x)d
J X) dx = J X) dx J(; a—x) dx
f

R.H.S.: J'f(x) dx +j (2a - x) dx

0
=1 +1, ()

a
Consider I,= j f(2a—x) dx
0
put 2a—x=t 1e. X=2a—t
—ldx=1dt=dx=—dt

As X varies from 0 to 2a, t varies from 2a to 0

ff(t) (— dt)

2a

:—af d
[r0s
2a

b
= jf(t)dt Uf(x)dx——jf(x)dxj

\
jf(x)dx Uf(x)dx jf(t)dt)

" Jqf(x)dxz j‘ f (x) dx

0 0

from eq. (i)

'Tf(x)dx+J§f(2a—x)dx:

0 0

f(x)dx + Taf (x) dx
0

a

(oY T— U s 1

f(x)dx:L.H.S

Thus,

j‘af(x)dxsz(x)dx+ff(2a—x)dx

0 0 0

Property VIII :
a a
I f(x)dx =2 - j f (x) dx , if f (x) even function

—a 0
=0 , if f (x) is odd function
f (x) even function if f (— X) =f (X)

and f (X) odd function if f (— X) =—f (x)

ff(x)dx: j')f(x)dx+fff(x)dx ()

-a -a 0

0
Consider Jf (x) dx

—a

put x=—t dx = —dt
As X varies from ato 0, t varies fromato 0
0
| = Jf( t) (—dt) = —j f (—t) dt

a

b
f(—t)dt.. Uf(x)dx——jf(x)dxj

1
St—y,

b
= j f (—x) dx U f(x) dx = j f(t) dt]

0

Equation (i) becomes

f(—x) dx+ff(x) dx

0

ff (x) dx

—a

[f(—x) +f ()] dx

O O

If f (X) is odd function then f (—x) = — f (X), hence

ff(x) dx =0

—a

If f (x) is even function then f (—x) = f (X), hence
a a

jf(x)dx :Z-J'f(x)dx

—a 0

Hence :

a a
j f(x)dx =2 - j f (x) dx , if f (X) even function
-a 0

=0 , if f (x) is odd function

= &



Ex.:

J. X3 sin*x dx

4
Let f(x) =x3 sin*Xx
f(—x)=(—x)® [sin(—X)]* = —x* [-sinx]* = —x3 sin*X
=100

f (x) is odd function.

J.X3 sin*x dx=0

~4
1
X2 1 y2 _ X2
’ —‘[1+X2 dx ,[W dx = 2J-l—i-xz dx
? _ jl+x2—l
Let f(X) :W = ] T2
1
o -] o
—y) = _ 5
f(X 1+(_X)2 6[ 1+ x2
X2 - _
= Ty = Z[X tan~ lx}
— _ 1 _ 1
= (x) 2 {(1 - tan"'x) — (0— tan"'x)}
f (X) is even function. = 2{1———0}
- 2[5
Loxe 4—n
1+x? dx = 2
@) SOLVED EXAMPLES J -
? 1
Exl: | o
\/T+\/_
3
; 2+x—Vx 1 { 3 3}
: . = — 2+X%x)2 —(x)2
Solution : = .[ j( P \];jdx 3 ( )% —(x) 1
22+« 1 23 3 3
=I( ]dx =g{[(z+3)2— )7)- [(zﬂ)z—(l)z}}
L 2+X
1 3 1 (8% 3 3 3
— = _ 157 _37_132 2
=7I(V2+X—Vx)dx = 3{5 32-32+1 }
! 1 (2 3
3 378 =5 52 -2(3)2+1
1 {(mx)z i 3
2| 3 3 1 IR 3
> - dx=—%(52 —2(3)2+1
2 2 1, -l; 2+ x+Vx X 3[ ) }




2
Ex.2: J\/l—cos4x dx
0 2
Solution : LetI=J\/1—cos 4x dx

"
—3

V2 sin? 2x . dx

A
-1 —cos A =2sin? 2)
2
Isin2x dx

0
{— cos 2X}

{cosZ——cos 0}

1
T
)

N

[

[cos T — cos 0]

MINRIIN

= -—— (-1-1)= 2
2
J\/l—cos4x dx =2
0

T4 sec? X
Ex.4: .[
5 2tan’ X+ Stanx + 1

A sec? X

Solution : LetIZJ
5 2tan®*xX+5Stan X+ 1

put tanx=t .. sec?x dx=1dt
o
As X varies from 0 to T

t varies from O to 1
1

2
Ex.3: Icos3x dx
0

2
LetI=Jcos3X dx
0

Solution :

1
IZ cos 3X+3 cosx] dx

2

0
1

1
{sm 3X-—= + 3 sin X}

T
[gsm3 + 3 sin 2)

(3sm3(0)+3sin(0)ﬂ
11 . 3m . T
= 7 §51n7+3s1n7—

1
gsin0+3 sinO}

{%(—1)%(1)—0}

R REIE IR

"2 2
3 —_
6[ cos®X dx= 3

-lklr—‘ -bl»—‘

(t+1)——
:E+ IOg \/1

V2, { V2t+\2—-1 }1
o8 (\/EH\/EHJO

1 V2
BEITOE )
‘; 1+ +1 _£{1 V2 (1) +V2-1 | x/§(0)+@—1}
= — dt 4 g(x/i(l)+x/§+1]_°g(\/§(0)+\/§+1)
0 BH2A+— £{ 2V2-1 \/5—1}
:Lj ! it i (2( j 1g(\/§+1j
2 Vesoel-14— V2 {(2@—1)(@—1)}
1] | 2dt T4 Blavze) T (V2
=7 (LY V2 3+42
1= 5) - o |
. o



2 log X
Ex.5: I )i

1

dx

Solution : Let I

I
1 = — N
~
=
o
9]
>
N—r
VR
%] =
N
o
>

~|z002)- (5001 +|[-2)- (5]

= 1120 1+1_1 112 log1=0
=73 og > =573 og - log
2 log X d 1(1 | 2)
X =—|1-1lo
-[ X2 2 g
2 cos X
: .[ - dx
o 1+ cosXx+sinX
2 cos X
Solution : Let I :I dx

o ols)uly

b 2cns( %) 26 eos[3)

plonlz) enli)|oodz) ()
RES EE)

i 21 RS

0

()

o

2
7\
No| >
N,




]

1
E.7:f d
Yl TNt

Solution :Let I = J

N — N = N -

%]

J

1 | X
> X —log sec 5

n o
=5 7—210g(sec j (U 210gse00)}

||
° 3

1 [=n — 1 T — T
=5 _?—ZIOg\/Z—O+2(O)} =5 {7—210g\/2} :Z—log\/f
2 sec? X _
J - dxzi—log\/Z

1+ cos X + sin X 4

1/2 1

dx
o (1=2x)V1-x
put Xx=sin® .. ldx=cos0d6O

1 T
As X varies from 0 to VL 0 varies from 0 to 3

6 Q

cos 0 cos 0

do
—2sin? 0) V1 —sin? O J (cos 20) Vcos? 0

0
6

6
sec20d0

[
J cos 20
J

0
17"
{log (sec 26 + tan 20) 5 }

1
> {log (sec 2 [%) + tan 2 (%) — log (sec 0 + tan 0)}

{log (sec % + tan %) —log (1+ O)} v log1=0
[log 2 +3)-0]
log (2 +V3)

1

1 _
(1_2X2)de:7log(z+V3)

= &




Ex. 8

—nN

0 2

Solution : Let 1= I

put 2=t

2)(

—_ dx
(1+4)

2 2%
— X
5 24 (1 +4%)

2*-log2 dx=1dt

As X varies from 0 to 2, t varies from 1 to 4

|

1

t(1+1t2?)

1
log?2

1 j‘ 1

T log2 Y t(l+t?)
1 J‘f1+t2—t2
© log2 4 t(1+t?)

may be solved by method of partial fraction

1

1 +t2 t2

log 2
1

1

log 2

2

|
B

4
1
“-T dt -

E

t(1+1t2) t(1+t2)

t
1+t?

j}
1
4
1

S =N

1
Ex.9: j|5x—3| dx

-1

1
Solution : Let I= J|5X—3| dx

| 5x—3 |

-1

§

4

35 1

[15x=3] dc+ [ |5x—3] dx
35

P

{2-a]

L 2

;)

-1

3
~(5x=3) for (5x=3)<Oie.x<

3
(5X—3)for(5x—3)>0i.e.x>g

35

-1

=
(3

5

3 5

2

{3x-—xz} |-
J)-feev-gew)]+Gorso)-(3(3) )

4

{log (1) —%log(l +t2)}

log !
= — Klog4—ilogl7j—

log 2 2

(log 1 —%log 2)}

= ! log4—ilog17+ilog2}

log2 | 2 2

log1=0
_ 1 log 4\/5}

log2 [ V17
- dx = 1 {log 4\/5}
2 (1+4) (log 2) V17

432
17

-

TS (5x-3) dx+J(5x 3) dx

35
1

3x}
345




-5 )25

S22 ,3,03,5 5.2 2_2(2 2., i)_ (18—9”5) _34
5 10 2 2 10 5 “\s5 10 2) 5 5
j|5x—3| dx =—
-1
TZ 1
Ex.10: | ——— dx
0lJr\lstanX
Sol TZ L 3 f i
olution : Let [ = | ——— dx ! = —
I+ Toanx | Bypropertyjf(x)dx jf(a X) dx

1

) [ i /
— 3 - dx : 2 3/ COS —_X
J 1+ vsin X o :j

Jcos X 0 n T
3 3/ COS 7—Xj+3sm(?—x

_Tj/z J cos X i i |
3 cos x + sin x ol er./z \sin x ix )
! = ii
: 0\/3s1nx+scosx
adding (i) and (i1)
L] TZ J cos X dX+TJE/2 \3/sinx g
= Ea— X
5 cos x +sin x o Usin x + ¥ cos x
Tzsco +/sin X g
= X
0 3cosX+\]s1nX
2
21 = [ 1 dx
0
- 4ok
92 o T2l 4 4

Tj-/z 1 d T
— dx = —
0 1 +-tan X 4

with the help of the above solved/ illustrative example verify whether the following examples

. o T
evaluates their definite integrate to be equal to / as 7T

2 sin X w2 sec X
.[ 3 X J dx ; j dx ;
0 1 +cot® X 0 sin X + cos X 0 Sec X+ cosec X
5
’JVZ sin* X d TJVZ cosec? X dx
0 sin® X + cos* X ’ 0 g g
cosec+s X+ sece X

= &



8 (11-x)°
Exll:j—i———l—;
» X+ (1-x)
§ (11 -x)°
Solution : Let IZJ—Z dx ()
5 X2+ (1-X)

b b
By property Jf(x) dx=jf(a+b—x) dx

a a

[11-(11-%)]°

8
£01—02+U1—a1—nf

8 11- (8 +3-x)]°
| :J' [ 2( x)] =
3 [8+3—x]"+[11 - (8+3-X)]
8 X2
-£(11—x) + X2
adding (i) and (i1)
8 2 8
11—X X2
l+1 = ——ﬁ—————l—;- d+ [ ——— dx
3 X2+ (1 +X) (11 —x)" +x?
8 2
11 —x)" +x?
o = [ U120 +XE
3 x2+ (11 —x)
1
——jl dx
23
8
1 5
|:——{x} ———[8 3]———
2 3
s (11 —x)° 5
I ) ) dX:?
3y X+ (1+x)
b f(x 1
Note that : In general J ® dX:E(b—a)

> f)+f(a+b—x)

verify the generalisation for the following examples :

f Vx | 7 %3
3x+x & fm

1
9 7 3 1
I X‘ r o I1+ t X o
4(13-x)F +x* 6 0

1

dx

B —

1 + Vcosec X

4

dx

. (i)



Ex. 12:J' X sin?x dx
0

Solution :
T

Consider, 1 J.X sin?x dx. .. (i)

(=)

11
Oty Ot—3y o3

(n—x) [sin(mt—x)]"x dx

(m—X) sin®x dx

| =| n sin®X dX—JX sin?x  dx
0
T 1 ]
=n j— —cos2x) - dx—1 ...by (i)
! 2
TcTE
I +1 —J (1 —cos2x) dx
2 0
il 17"
2l=—| X —sin2X —}
2 | 2],
n| 1 1
| =— (n——stnj—(O——smOﬂ
4 | 2 2
T
Z[n] wsin0=0;sin2r=0
T[Z
T4

. nz
-sin? X dx=—
4

T
I X2
0

Ex. 13 : Evaluate the integral J cos’X dx using
0
the result/ property.
Solution :
2a a a
j f(x)dx=jf(x)dx+jf(2a—x)dx
0 0 0
Let, I = | cos?x dx

o=

© cos (m—X)=—cos X

1
Oo_.s

ot—2

L7)
2. J cos?X dx
0

(1 +cos2x) dx

1 2
X+sin2x-—}
2]

((m 1 m 1
(—+—sm2—] - (0 + —sin 2(0))}
2 2 2 2

sin0=0;sint=0

T
cos?X dx=—
2




¢ X (1+ sin x)
Ex.14: | ——
_'[t 1 + cos? X

T .
X (1 +sin X
Solution : Let I = '[I(Jr—Z) dx
- cos? X

K J' X dxj N ( ,[ X sin X dxﬂ
1+ cos? X 1+ cos? X

X X sin X
The function — is odd function and the function 2SR is even function.
1 + cos? X 1 + cos? X
a a
j f(x)dx =2 j f(x) dx , if f (x) even function
—-a 0
=0 , if f (X) is odd function
~0 j.‘ X sin X
0 1 + cos? X
| 5 T X sinX )
= EE—— (1
-[ 1 + cos? X

0
(r—X) sin (1 —X)
1+ [cos (m — X)J

1
N
o—3

(mr—x) sinX
1+ (— cos x)°

]
N
ot—a

T g osinX—X sinX
= 27'5." dx
0 1 + cos? X
5 T osin X dx T X sinX
= 27 —
v!;1+coszx J(;1+coszx
| 5 T sin X dx | b (0
=2n | ——1...byeq.(i
-([1+coszx ved
T osin X
|+ =2nj—dx ... (i)
0 1 + cos? X
put cosXx=t S —sinx dx=+dt

As varies from 0 to 7, t varies from 1 to — 1

21

27

Il == 2

(where is even function.j

1+12 1+t?

|
|

‘



Solution : LetI

1

21 { tan’' t }
0

2n [tan™' (1) —tan™ (0)]

T 2
271(——0):—
4 2

JZEX(1+sinX) dx = LS

= 1+cos?x 2

3

0

1
Ot~ Ot O Ww

>
—
>
-
o
>

x[x] dx+ng[x] dx+fx[x] dx

1 2

X (0) dx+J%x(1) dx+jx(2) dx
1

- o+(i_ij+9_4
= ;5 )TOD

Il
S
+

Ex.15: I X [x] dx, where [ x ] denote greatest integrate function not greater than X.

3 13
= —+§5 =—
2 2
;i g 13
Jx[x] Xx="
0
( N
LEXERCISE 4.2 )
Evaluate :
9 3 »
X+ 1 1
! dx 2) | o————dx 8 N1 + sin 2x dx
() J; \/Y ~£X2+5X+6 () J Sin
V4 v 1 5
(3) Icotzx (4) J' dx I
0 1 —sinX 4x2+4x+13
5 1 X 1
5 dx 12 — dx
O [ O [ e
1 2 T';/4 |
X2—2 _ ‘ )
(6) ‘([ et 1 dx (7 6[ sin 4X sin 3x dX (14)£xtan x dx

4
9) j sin*x dx
(11)

X sin X dx

1
j\/4x X2 dx
2
(13)]
0

X e*dx

(15)

o3

4

SO



II. Evaluate :

2 -1
sin”! X
| =
O (1-x9) 2
T4 sec?X
j . dx
0 3tan’X +4 tanx + 1

)

"4 sin 2X

(@) |

o sin*x + cos*x

4) Vcosx sin®x dx

Ot—.s

1

— dx
5+ 4 cosx

()

Ot—.s

4 cos X

dx

(6)

Se— a3

4 — sin? X

2 cos X
() J (1 +sin X) (2 + sin Xx)
|

(®) J;aze +b2e X

©) I 1 dx

5 3+ 2sinX+cosX

w4
sec*x dx

(10)

1—x
1+x

dx

(11)

]
|

sin® (1 +2 cosx) (1 + cosx)® dx

(12)

(13)

sin 2xX tan'(sinx) dx

(ecos" X)(Sil'fl X)
1-x°

‘ _ Ot—.s o—3

(14) dx

1
5
j" cos (logx) dx
2

N

(15)

‘ Q0

II1I. Evaluate :

a
1
1
= o
L7
(2 J log tan x dx
0
1 1
(3) I log (—— IJ dx
5 X
@ TZ sin X — COoS X dx
o 1+ sinX-cos X
3 5
(5) [ xG-%7 dx
0
3 43
6 dx
(6) £9—ﬁ
iz 2+ si
@) J log (—s%n Xj dx
T 2 —sin X
vy X+ %
®) -[ 2 —cos 2X
v
w4
9) J X3 sin*x dx
-4

(13) jt V1-t dt

(14)




Note that :
2 2
To evaluate the integrals of the type I sin" X dx and I cos" X dx, the results used are known as
0 0

'reduction formulae' which are stated as follows :

7 -1) (n-3) (n-5
Jsin”X dx = (n )_(n )_(n )-- —g, if n is odd.
0 n (n-2) (n—4)
(n—-1) (n—=3) (n—5) 31 = o
= . . +-o——-—, ifniseven.
n (—-2) (n—4) 42 2

L% L7 -
Jcos”x dx = j {cos (?—xﬂ dx ... by property
0 0

[sinx]n dx

1
Oc_,S

sin" X dx

1
Oc_,s

(7-1) (1-3) (7-5)
7 (1-2) (74

2
J sin’ X dx
0

7-D-(7-3)7-5)

7-(7-2)(7-4)
_6:4:2_16
~ 7.5.3 35

(8-1)(8-3) (8-5 ‘-7 =
8§ (8-2) (8—4) (8-6) 2

cos®x dx =

O-_,S

_@-1D)@-3)@=5 &= n
O 8(8-2)(8-4)(8-6) 2

7-5-3-1m
C 8-6:4-2 2

_ 35w
256




=

Ry

Let us Remember

Z(Xm—xr) - f(t,)=§0:g(xrﬂ)—g (x)= g (b)—g (@)

Thus taking limit as n — oo
g -g@ =%, 2 ., —x) - fE) =158, -jf(x)dx

Fundamental theorem of integral calculus : I f(x)dx=g(b)—g(a)

a
Property I J f(x)dx=0

a

b a
Property II : j f(x) dx = j f (x) dx
b

a

Property II1 : | f (x) dx = | f(t) dt

Property IV :

|
!

f(x)dx = f(x)dx+jf(x)dx wherea<c<b ie.c e [a,b]

(=2
QD ——T » —

PropertyV:If(x)dx='|‘f(a+b—x)dx

a a

a a
Property VI : j f(x) dx = j f (a—x) dx
0 0

2a a a
Property VII : j f(x) dx = j f (x) dx + j f (2a— x) dx
0 0 0

a a
Property VIII : J.f xX)dx =2- .[ f(x)dx ,if f (X) even function
-a 0
=0 , if f (X) is odd function
f (x) even function if f (— X) = f (X) and f (x) odd function if f (— x) = —f (x)

'Reduction formulae' which are stated as follows :

L) _ _ _

[simx dx = (=D O=3H0=5 42 if N is odd.
0 n (-2)(n—4 5 3

= (n—l)_(n—3)_(n—5)__ il T if nis even

n (-2 (n—4) 42 2 '

Tzcosnx dx = ]{2{00 (——Oﬂ dx :Tz[sinx]n dx = Tzsinnx dx
0 0 0

0

‘



:M ISCELLANEOUS EXERCISE 4;

(I) Choose the correct option from the given alternatives :

(1)

(2)

(3)

4)

)

(6)

(7)

(8)

3

208
(©) log (189)
© 4-5
C) 2+m

©) 256

272-2

(©)

(C) Ve (Ne—1)

(C) a=-e,b=2

©) 1,=2I,

o af2)

4+7

(D)

(D) 4+n

(D) 256

(D) 42

Ve—1

(D)

(D) a=-¢€,b=-2

D) 1 =1,

,[ dx i
2 X(C—1)
A 11 208 B 11 189
) Og(189j ®) 3 Og(zogj
o (1 +cosx)?
B) ~—
(B) >
s g 1
—dx=
0 e+ 3
(A) 3+2n (B) 4—n
%)
Isin6x cos?x dx =
0
(A) ﬁ (B) E
dx k
J T x—vx \/— thenkls equal to
2
(A) V2 (V2 -2) (B) ?(2—26)
f1 1
j_ x
1 X2
(A) Ve+1 ®B) Ve-1
e
1 1 b
If,'[ - 2} dx=a+ , then
2Llogx  (logx) log 2
(A) a=eb=-2 (B) a=e,b=2
e? zex
LetI, :J; log X and IZZJ;; dx, then
1
(A) L =71 B) L +1=0
/)
N




© | X

— X =
5 VX + V9 —x
9
A) 9 B) % (ONY (D) 1
i 2+sin 0 .
(10) The value of '[ log - dois
ey —sin 0
(A) 0 (B) 1 (€ 2 (D) =
(I) Evaluate the following :
e cos X 2 cos6 bl
1 dx 2 do 3 dx
M J3cosx+sinx @) J ®) J(;1+\/;

tan3 X
@) [ ———dx
o 1+ cos2x

5) | tNT—t2dt

0

0 073
A [cos ? + sin —}

2

~~
N
—~
—_—
~
o
Q
7]
L
X
=
N
o
>

1 T b
1+x3 X
7 dx 8 X sin X cos* X dx d
() '[9—X2 ®) '([ ©) J(;1+sinzx
(10) T; dx
1 VX (1 +x)
(IIT) Evaluate :
|
1 2X |
(1) j[ jsin“( ] dx @) [———d
o\ 1 +Xx2 1 +x? 5 6—cosX
a 37-(/10 .
1 sin X
pd”taX—X WsszJrcosX
T cos 2X

1
5) J.sin’1 ( .

0

2X )
dx
+ X2

(2 log sin x — log sin 2x) dx

o-_.s

(7)

) |[Vx2+2x+ 3]_1 dx

S i

6
(©) ()l‘ 1 + cos 2X + sin 2X
s

(8) j(sin‘1 X + cos ')’ sin® X dx
0

3
(10) [|x—2]dx
-2




(IV) Evaluate the following :

a 1%) atl
(1) IfJ‘\/;dXZZaI sin® X dx then find the value of I X dx
0 0 a

K 1 T
@ 1f] dx = — Find k.
0

(3) Iff(x)=a+bx+cx, show that | f(x)dx=%[f(0)+4f (%}H(l)}
0

>
>
>

L0 L0 L0

L)
L)
L)




